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4.1 Comuagtnes.q

Abstract

In the framework of I'-convergence and periodic homogenization of highly contrasted materials, we study
cylindrical structures made of one material and voids. Interest in high contrast homogenization is growing
rapidly but assumptions are generally made in order to remain in the framework of classical elasticity. On the
contrary, we obtain homogenized energies taking into account second gradient (i.e. strain gradient) effects. We
first show that we can reduce the study of the considered structures to discrete systems corresponding to frame
lattices. Our study of such lattices differs from the literature in the fact that we take into account the different
orders of magnitude of the extensional and flexural stiffnesses. This allows us to consider structures which would
have been floppy when considering only extensional stiffness and completely rigid when considering flexural
stiffnesses of the same order of magnitude than the extensional ones. To our knowledge, this paper provides the
first rigorous homogenization result in continuum mechanics with a complete second gradient limit energy.

1 Introduction
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In [22] it has been proved that highly contrasted heterogeneous elastic materials may lead, through an homoge-
nization process, to materials with very new properties. In particular the order of differentiation of the equilibrium
equations may be much higher for the homogenized material than they were for the heterogeneous one. However
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Figure 1: A cylindrical 3D elastic structure based on a thickened periodic planar graph. The basis of the cylinder
is a thickened periodic graph Qf with a global size L, a period size ¢, a thickness of edges e which are three lengths
with different orders of magnitude.

very few explicit examples have been given in which such a phenomenon appears. In [44], [I1], [T9] the homogenized
material becomes a second gradient one : the elastic energy depends on the second gradient of the displacement
instead of the first one only. However all these results fall under the framework of couple stress theory, [51], [52],
[38], [39] : the dependence with respect to the second gradient of the displacement is limited to dependence on the
gradient of the skew part of the gradient of the displacement only. To our knowledge complete second gradient
media have been obtained, up to now, only through homogenization of discrete systems based on pantographic
structures [6], [7], [49].
Second gradient materials are, among other generalized continuum models widely used [28], [27], [36], [29],
.. Their very rich behavior allows for instance to regularize and thus to study precisely the parts of materials where
the deformation tends to concentrate, [53], [30] (inter-phases, [40], [20], [32], [48], porous media, [47], fractures,
[2], 3], damage and plasticity, [54], [45]). However the second gradient properties are scarcely measured directly,
8], [@], [33] nor rigorously interpreted from a microscopic point of view. Mechanicians have no tool for conceiving
second gradient materials with chosen properties.

The aim of this paper is to provide such a tool. It is is not question here to solve all highly contrasted periodic
homogenization problems but to describe a set of situations sufficiently large for making clear how appear second
gradient effects through the homogenization process.

It is important to remark that second gradient properties are generally obtained in the literature as corrections to
the homogenized model : they do not appear in the limit energy but as a next term in an asymptotic development
[15], [B] [B0] with respect to the size of the heterogeneities. There is an essential difference of nature between
second gradient limit energies and second gradient terms in an asymptotic development : in the first case the
model contains a finite intrinsic length while in the second case the intrinsic lengths are infinitely small. Another
fact enlightens the difference between both approaches : second gradient asymptotic developments can be obtained
even when homogenizing conduction problems [5] while it has been proved in [21] and [22] that second gradient
limit energies were possible for elasticity homogenization problems but unattainable when considering conduction
problems. Asymptotic developments are difficult to interpret and applying them to real problems leads to many
questions. For instance the sign of the second gradient terms in these developments may change and lead to ill-posed
equilibrium problems. For instance still, it seems difficult to justify the fact that the maximum principle applies in
heterogeneous conduction problems but would not apply when replacing them by their homogenized second gradient
development. All these problems cannot arise when applying our results. Our limit energies, owing to standard
properties of I'-convergence, are necessarily positive lower semi-continuous quadratic forms.

We consider structures made of a periodic arrangement of welded thin walls (see for instance figure [Il) : they
are cylinders (see Figure[Th) the basis of which is a thickened periodic planar graph (see Figure [Ib).

We study, in the framework of I'-convergence, the homogenization of these structures and rigorously determine
the second gradient effects. To that aim we make some modeling assumptions which, of course, can be questioned
when applied to the real structure of figure [Tt

e First we assume that the structure is made of a homogeneous isotropic linear elastic material. We thus
implicitly forbid the possibility of any micro buckling effect.



e We also consider that the structure is solicited in the plane of the graph and assume that we are in the
conditions of plane strain elasticity. This assumption, valid only when the height of the structure is large
enough, allows us to reduce the problem to a bi-dimensional one : a linear elastic problem set in a thickened
periodic planar graph; more precisely, in the intersection of this thickened graph and a bounded domain
QC R

e As our goal is to determine the effective properties of the material, we have to suppose that the size ¢ of the
period of the graph is small compared to the characteristic size L of the domain ). This is the standard
asymptotic homogenization assumption.

e=V(/L <<1

e We consider that the thickness e of the walls the structure is made of (i.e. the thickness of the graph) is small
compared with . Hence the 2D elastic problem we consider contains two small dimensionless parameters
which we let tend to zero :

d=e/l << 1

This assumption is essential : otherwise the standard homogenization results would be valid and the effective
properties of the material would be those of a classical (may be non isotropic) elastic material. This assumption
will also have a practical effect on our mathematical arguments : as it implies that the edges are slender
rectangles, we can, using the theory of slender elastic structures, reduce our problem to the study of a discrete
system.

e The two limits € — 0 and § — 0 do not commute and we have to specify the way they simultaneously go to
zero : we assume that

0 = fe

with 8 > 0 fixed. Indeed, this case is critical : the cases § = ¢* with a > 1 or a@ < 1 can be deduced from our
results by letting in a further step £ tend to zero or to infinity.

e Finally we have to specify the order of magnitude of the rigidity of the material our structure is made of.
We emphasize that speaking of the order of magnitude of the stiffness of the material takes sense only if we
compare it to some force. In other words, making an assumption over the elastic rigidity is equivalent to
making an assumption over the order of magnitude of the applied external forces. As the total volume of
our structure tends to zero with J, it is clear that we need a strong rigidity of the material if we desire to
resist to forces of order one. Different assumptions can be made which correspond to different experiments.
This is not surprising : the reader accustomed for instance to the 3D-2D or 3D-1D reduction of models for
plates or beams, knows that changing the assumptions upon the order of magnitude of the elasticity stiffness
of the material changes drastically the limit model. If the structure cannot resist to some applied forces (like
a membrane cannot resist to transverse forces), it may resist to them after a suitable scaling of the material
properties (like the membrane model is replaced by the Kirchhoff-Love plate model). Simultaneously some
mobility may disappear (like the Kirchhoff-Love plate becomes inextensible).

In this paper we are interested in the case where the Lamé coefficients (i, \) of the material tend to infinity
like 612 :

f0 \ Ao (1)

B T B

e For sake of simplicity we assume free boundary conditions along the whole boundary of 2. The discussion
about the different boundary conditions which can be assumed and the way they pass to the limit would make
this paper too long. As usual when dealing with Neumann-type boundary conditions, we have to assume that
the external forces applied to the structure are balanced and we ensure uniqueness of the equilibrium solution
by imposing zero mean rigid motion.

The paper is organized as follows. In Section 2, we first describe precisely the geometry we are interested in by
introducing in a sparse way the graphs on which our 3D structures are based. Assuming a plane strain state we
state the elastic problem in a 2D domain which corresponds to a thickened graph.

Several studies deal with this problem (see for instance [13], [14], [23] [43]) but the assumptions which are made
in these papers are stronger than ours (either limiting the energy to conduction problems or fixing a thickness for
the walls of the same order of magnitude as the size of the periodic cell or limiting the stiffness of material the
structure is made of to a too small order of magnitude) and their results are thus limited to classical (first gradient)
homogenized energy.



In Section [3] we prove that our 2D elastic problem has the same I'-limit as an equivalent discrete problem set
on the nodes of the graph. Both extensional and flexural stiffnesses must be taken into account even if the flexural
rigidity is much lower than the extensional one. This part is rather technical and the sketches of the proofs (which
are more or less standard) are postponed to the Appendix.

In Section M we attack the problem of finding the T-limit of the discrete energy. We study the problem from
the variational point of view adapting to our case the tools of I'-convergence, [25], [I7] and double-scale limit, [41],
[4] which have shown their efficiency for treating many different problems of homogenization. The topology we
use is rather weak but it is sufficient to ensure at least, that the equilibrium of the structure under the action
of forces applied at the nodes of the structure will be well described by the equilibrium of the limit model. This
discrete homogenization problem has been studied in [34], [35], [46] and in different contexts in [37], [I8]. Again
only first gradient limit models have been obtained. The point is that, in all these papers, the order of magnitude
of the different types of interaction are supposed not to interfere with the homogenization asymptotic process (see
Remark 7.5 of Ref. [34], Remark (2.7) of Ref. [37] or Ref. [I8]) while here the ratio between flexural and extensional
interactions is comparable to the homogenizing small parameter.

In this paper we do not exhaust all interesting questions about our structures : it has been shown in [49] that the
types of actions (external forces, external distributions, boundary distributions,...) which can be applied to second
gradient materials were much richer than the boundary conditions and external forces considered here. However
the case we study is sufficient to enlighten the way second gradient effects can arise through the homogenization
procedure. In section B we give an example where the limit energy is a complete second gradient one. By “complete”
we mean that it does not reduce to a couple-stress model where the energy involves only the gradient of the skew
part of the gradient of the displacement. To our knowledge, this is the first rigorous homogenization result with a
complete second gradient limit energy.

2 Initial problem, description of the geometry

2.1 The graph

The geometry we consider is based on a periodic planar graph. We adopt a description close to the one used in
[31]. Such a graph is determined by

e a prototype cell Y containing a finite number K of nodes the position of which is denoted ys, s € {1,..., K};

e two independent periodicity vectors ti, to. As the graph will be re-scaled, we can assume without loss of
generality that {1 x to = 1 (i.e. the area [Y| = 1). Introducing, for I = (4,j) € N2, the points yj , :=
e(ys + ity + jt2), the set of nodes of the graph is

{y7,: TeN? se{l,....K}}

We use y5 = % Ele Y7, as a reference point for the cell I;

e five K x K matrices a, taking value in RT defining the edges of the graph : an edge links nodes y; s and
YI+p,s’ AS SOON as ap s, > 0. Here p belongs to the set]]

P := {(0,0), (1,0), (0,1), (1,1), (1, =1)}.

We denote p := pi1t1 + pate € {0,t1,t2,t1 + to,t1 — to} the corresponding vector so that Yiips = Yis +EP-
We introduce the set of multi-indices corresponding to all edges :

A:={(p,s,s"): peP, 1<s<K, 1< <K, apsy >0}
For any (p, s,s’) € A we introduce the rescaled length and direction of the edge by setting

E 13
Yi+p,st — YIs

1y, 5 L
ep;&s’ =€ Hyl-l—p,s’ - yl,s”a and Tp,s,s’ +—
elp,s,s

INote that, owing to periodicity, only half of the neighbors of a cell have been considered. It is also important to notice that there
is no loss of generality (as soon as we assume that the range of interactions is finite) in assuming that a cell is interacting only with its
closest neighbors. Indeed we can always choose a prototype cell large enough for this assumption to become true.



e a bounded convex domain € in R?. We assume that  has measure 1 (choice of the unit length) and so that
L =1. We denote Z¢ be the set of cells which lie sufficiently inside the domain :

I° = {I; y; € Q and d(y7,00) > \/E}

(where d stands for the Euclidian distance), GF the set of nodes of these cells and G the union of the edges

which link them «
é€ = U U{yis}, G* = U U [yisvyier,s']'

I€Z= s=1 I€Z= (p,s,s’")€A

The number N¢ of such cells is equivalent to e~2 and we will denote in the sequel the mean value of any

quantity ¢ defined on Z¢ by
1
Lor=qz 2 e~ v
I I€z= I€z-

The planar elastic problem will be set in the thickened graph:
Q° = {z € Q; d(z,G°) < B*}, (2)

where the thickened nodes B?)S
B, i={w; d(z,y7,) < B}

play an essential role.

Restrictive assumptions : Not all interaction matrices are admissible :

e There is no crossing or overlapping of different edges : for any (p, s, s’) and (p, §,5") in A,
[yisv y?-‘:—p,s’] N [y%gv y?ﬂrﬁ’g/] §Z {yisv y?-ﬁ-p,s’} = (Iv 5,15) = (Iv S,p).

This assumption results from the cylindrical shapes we are studying but is not fundamental. One could design
multilayered structures, allowing crossing of interactions. The reduction to a discrete problem would then
have to be adapted to this case.

e We are not interested by lattices which are made of several disconnected lattices. So we assume that the
edges connect all the nodes of the structures. More precisely we assume that, for any p € P and any
(s,8") € {1,..., K}?, there exist a finite path in the graph which joins the node Y7 s to the node y7, . that
is a finite sequence (s1,...,8.41) in {1,...,K}, (p1,...,pr) in P, (€1,...,€.) in {—1,1} such that s; = s,
Spp1 =5, Zzzl €Pi = P,

€ >0= (pi, Si, Si+1) cA and € < 0= (pi, 5i+175i) c A

Note that, for nodes y ; and y7., . lying sufficiently inside €2, the joining path is independent of I but that
this path may have to be modified for nodes lying close to the boundary. We assume that such a path can
always be chosen in a finite set of paths.

As we will see in Lemma [ this assumption implies the strong-2-connectedness in the sense of [14].

Even if it seems clear when considering Figures Pl and [3] it is not so easy to check if a structure is connected.
This has been studied in [I0] where algorithms for this checking are provided.

Some examples of non connected graphs are given in figure [2] while examples of admissible graphs are given in
figures [Tl and
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Figure 2: Non connected structures for which relative compactness is not ensured.
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Figure 3: Admissible structures.

2.2 The 2D elastic problem

As we have chosen L = 1, our assumptions resume in

— _ B2 _ Mo _ N
E—E, 6—68, ﬂ—@, )\—@

The elastic energy &. is defined, for any displacement field u € L?(Q¢, R?) with zero mean rigid motion, by

+00 otherwise.

(3)

Figure 4: Another admissible structure : the planar graph corresponding to Figure [I}



Here e(u) denotes the symmetric part of the gradient of u (e(u) = (Vu + V'u)/2 is the linearized strain tensor),
tr(e(u)) denotes the trace of the matrix e(u). To Lamé coefficients (which satisfy o > 0 and Ao + po > 0), we
associate Young modulus

Y 4 A
Y= 0 here vy = Holtot+ o)
Be3 210 + Ao
and Poisson ratio
A Ao

V= =1V i= ——Q.
2,u—|—)\ 0 2,u0+/\0

The reader may have noticed that the values of the positive coefficients ay s, > 0 of the interaction matrices
were, up to now, irrelevant (as soon as they remain positive). We now fix them by setting

2o

(4)

Qp,s,s’ = /
D,s,s’

2.3 Convergence

In order to study the homogenization of the considered structures, we need to specify the way we pass to the limit
of a sequence of fields (u®) with finite energy &:(u°) < +oo. Indeed each term is defined on a different domain Q.
To that aim, we first introduce the operator u — %, which to any field u € L?(Q.; R?) associates the family @ of
mean values defined for I € Z¢ and s € {1,..., K} by

1
s s ::][ u(r)dr = —— u(zx) du. (5)
B, | B3 | B;
Note that this operator which maps L?(Q.; R?) onto the set V. of functions defined on Z¢ x {1,..., K} actually
depends on ¢, even if the notation does not recall it.

Then we define the convergence of a sequence of families of vectors (Z7);eze : We say that (Z°) converges to

the measurable function z, and we write Z¢— z, when the following weak* convergence of measures holds true :
EI: Z50y: A z(z)dx (6)
I

where §, stands for the Dirac measure at point y.
Finally we say that the sequence of functions (uf) (where u® € L?(Q.; R?)) converges to u when, for all
se{l,...,K}, (@°); s— u. As no confusion can arise, we simply write u®— u.

Remark 1. The convergence (@) means that, for all p € C°(Q),

3. 7o) /Q 2(@)p(z) de (7)

When applying this notion to sequences (Z¢) such that EI:I | Z5]]? is bounded, we are thus assured (see [2]] Lemma
10.1) that a subsequence converges to some z € L2(Q). In view of (7), we note that we can replace in (@) the Dirac

measure dys by 0z or even 0yz . Indeed P(Y7 s 8) — (Y5 4 8) = o(1).

Remark 2. The convergence of measures (@) when holding for any s € {1,..., K} is closely related to the double-
scale convergence as defined by [{1)] or [4]. Here our discrete variable s plays the role of the fast variable. In that
case, for any convex lower semi continuous function ® we have

limian ii‘ID(ZE )>/<I>(z(:1:))da: (8)
p T KS:1 I,s) = o .

(see [12] Lemma 3.1).



Remark 3. The choice of this convergence allows for the direct application of our homogenization result to the
computation of the equilibrium when external forces are applied at the “nodes” of the structure. More precisely to
forces fields f€ of the type

1 K
j(m) = W Z Z f(yf,s)lBis (CL‘)
IeZ s=1

where f is a continuous field. Indeed the external potential due to such forces corresponds to a continuous perturba-
tion of the energy with respect to the considered convergence. The reader can refer to [25] or [T7)] for a description
of properties of I'-convergence.

3 Reduction to a discrete problem

We prove in this section that the considered structure can be studied as a discrete one. To any function (U, 6)
defined on the nodes of the graph (U being vector valued while 6 is scalar), we associate the energies

a’.ZS) s’ UI+ s’ — UI s 2
EE(U) = Z 27 ( b - - 'TP,S,S’> (9)
(I,p,s,8')ET=x.A

CLIS) SI/B2 2 U s U s 2
F.(U,0) =€ Z 76 (3(91+p,s/ +0rs — -~ I+p, f I, ,7.;:515/)) + (Orsps — 9115)2). (10)
(I,p,s,s")€L*x A D,5,8

The sum E. + F. corresponds to the elastic energy of a system of nodes linked by extensional and flexural bars.
This section is devoted to the proof of the following theorem which states that the I'-limit of the initial sequence of
2D elastic energies is identical to the limit of the sequence of these discrete energies.

Theorem 1. The sequences (&.) and (E. + F) share the same I'-limit &. Indeed, for any measurable function u,
we have

(i) i&f{liggiélf & (u®) + u—=ul > [}ggs{ligélf(Eg(US) + F.(U%,60°); Us—u}
(i) inf{limsup &, (uv®) : uv*—u} < inf {limsup(E.(U%) + F.(U%,6%))); U*—u}
u® e—0 Us,0°" ¢—0

In order to prove this result, we first recall some results concerning the elastic behavior of a thin rectangle which
are well known in an asymptotic form but that we need here to state more precisely in order to be able to apply
them to the whole structure. Their proofs are postponed to the Appendix.

3.1 Estimations for an elastic rectangle

We use the orthonormal basis (e1,e2) in R? and consider the rectangle w := [—£/2,£/2] x [—e, +€] (with e < £/4).
To any function u € H! (w) we associate
U(x)'—i/eu(x x2) dx 9(:10)'——i eu(gc x2) To dx
1) -— 26 e 1,42 2, 1) -— 283 e 1 1,42 2 2,

v(xy) = % /6 (ug(x1,x2) — Uz(1))(e? — 23) das.

—e€

and 1 1 Druz —
= — u(@, x2) dordzs, ¢ = — Atz — B (2, ) da davs.
Te% JB(0,e) TE” JB(0,e) 2
Lemma 1. There exists a constant C independent of e such that, for any v € H(B(0,e), R?)

|U(0) - W2 < C /B o P, 100 gl < Ce? /B le(w)|?de,

(0,e)

lv(0)* < C le(w)||*dz.
B(0,e)



Proof. By rescaling we can reduce to the case e = 1. Let us assume by contradiction that there exists a sequence u"
such that fB(O,e) le(u™)||?dz tends to zero while one of the quantities ||U™(0) — W™, ||v™(0)||? and [|6™(0) — ¢™||?
do not tend to zero. Adding if needed a rigid motion to u™, we can assume W" = 0 and ¢ = 0. From Korn
and Poincaré-Wirtingen inequalities we know that |[u"||f1(B(0,e),r2) tends to zero. A trace theorem ensures that

u” tends to zero in HY/2({0} x [—e, e], R?) and thus in L?({0} x [—e, €], R?). In consequence, contrarily to what we
have assumed, U"(0), v™(0) and 6™(0) tend to zero. O

Now, let 0 < k < 1 < k¥ < £/(2¢). In w, we consider the piecewise constant functions (fi, A) defined by

iz, x2) =, Mz) = Nif |21| < £/2—Ke, () = kp, A(z) = k), otherwise and we denote respectively (U~,07,v™)
and (UT,0%,v") the values of (U,0,v) at 21 = —% and z; = +5.

Lemma 2. There exists a constant C depending only on k, k' and v such that, for any u € H*(w),

/ (ﬂlle(U)l2 v gtme(u»?) > 108 < [y - vy

2 + -
e v oUs = Uy + 2\ G+ 2
+3(3(9 T -2 ) 4 (0 9)) S U)]

Lemma 3. There exists a constant C' depending only on k, k' and v such that, for anyUT, U~ inR? and 6, 6~ in
R there ezists u € H! (w, R?) satisfying u(z1,72) = U~ +07(—z2,21) if 11 < —5+K'e, u(z1,22) = UT+0%(—22,21)
if ©1 > % —k'e and

\ e e e? r_Us
/ (me(w " gtr@(u)f) < v o) [wr -+ S (307 1o — 2T 4 0r —6)?))]

Proofs of these two lemmas are given in the Appendix.

3.2 Estimation for the whole structure

We can now prove Theorem [I1

Proof. We first notice that the number of edges which concur at a node yr s of the graph is bounded by 9K. We
set k = (9K)~!. Therefore there exists a uniform lowerbound 6,, > 0 for the angles between these different edges.
The thickened edges of Q° concurring at node y; s do not intersect out of the disk of center yr s and radius k’e with
K = (sin(6,,/2))"t. We consider on QO the functions (fi, ) defined by fi(x) := po, A(x) := Ao, if d(z, G%) > k' Be2,
i(z) = kpo, A(z) = kXo, otherwise.

Let u® be any sequence of displacement fields with bounded elastic energy &.(u®) < M and converging to some
function u. Our choice for k and k" allows us to split the energy :

6:0%) = 52z [ (ol + Prnte(ue)?) as
= > (ﬂlle(uE)IIZ ¥ gtww) d.

(I,p,s,s")ETEXAY P1,p,s,s

where S, s denotes the rectangle with mean line [yr s, yr+p,s/] and thickness 282, Applying Lemma [ to each
term of this sum, we get

_ Be _
(”@E(us) 2 2 (1 - 8) Z a’P;&S’ [((UIE:;,S,S’ - Uls,p,s,s’) ’ TP75;S’)2 - (’Ui;,s,s’ - U?,p,s,s’)2
2e ém 2€p,s,s’

(I,p,s,s")ET=x.A

+ £— €L
B2e? + - Ul pss = Ulpss) Toss\2 + - 2
+ 3 (3(5(9?;0,5,5/ + oi,p,s,s’) - Ep e ) + (E(ei,p,s,s/ - ei,p,s,s’)) ):|

where UIE;&S,, UIE);)&S,, v§2)875,, v?;)&s,, 9?,—;,5,517 9?;)575, are the quantities associated to u° on the rectangle Sy p s o
as in Lemma 2

On the other hand, Lemma [l states that, for any (p, s, s’), the quantities 3>, [|U7 , . o~ — a5 .|I*, >, HUIE;&S, -
- 2 - 2 + 2 - 2 + 2
u§+p,sH ’ ZI |v§,p,s,s’| ’ ZI |v§,p,s,s’| ’ Z[ |E(9§,p,s,s’ - d)is” and Z[ |E(9§,p,s,s’ - §+p,s)| are all bounded by



> IB? . lle(u)||? and thus by Ce3 with C' = ﬁfﬁko) Here ¢7 , is the quantity associated to u® on the disk

Bi . as in Lemma[Il Hence
L1 . . 2, B . .
EW)2 55 Y e [(@ e =05, Tys)? o+ 5 (365 + 07.0)
(I,p,s,s')€A

(ﬁs s’ ug s) ’ TLS s’ 5 5
— e et B2 4 (e(g5 0 = 95.0))°) | + O(VE)

£P75;S,

> E.(@°) + F.(a, ¢°) + O(V/2).

Passing to the limit we get
liminf & (u°) > liminf (E.(a) + F.(a, ¢)) > inf_ { liminf (E.(U®) + F.(U*, 6°)); Uuu}.

This being true for any sequence (u®) with bounded energy and converging to some function u, point (i) is proven.

Now let u be a measurable vector valued function and consider any sequence (U€,6°) with bounded energy
(E:(U®) + F.(U®,0°) < M) and such that U*— u. On each thickened edge S;,p.s,s/, Lemma [ provides a piecewise
C* function ug , . . satisfying

U;,s+9is X (_IQ’Il) on Biy

€ 15} 154
Ufips T 054y X (—22,21) on Bi,, o,

u?,p,s,s’ (Il, IQ) = {

and such that

A Qp.s,s' cp 2
/ @wwn@mW+§uw@%M»ﬁdxsg§<1+r—f(«wﬂﬁ—va»mﬁﬁ
S opa.st P,5,8
ﬂ252 3(chs 6c Ue Us 1 2 0 g 2
+ T (5 I+p,s’ +e I,s) + l—/(( I+p,s’ — I,s) 'Tp,s,s’) + (E I+p,s’ — € I,s) :
P,5,8

We can now define u® on Q. by setting u®(z) := ug , ; () if # € Spp 5 . Our assumptions about the geometry
of the graph and our definition of &’ make this definition coherent on the intersections of different thickened edges.
By definition @® = U® and so u*— u. By summation we get

g Oﬂ € € 133
£.(u) < (14 Toe) (B(UF) + Fu(UF,0°))

m

Passing to the limit
inf limsup & (u®) < limsup & (u®) < limsup(E.(U°) + F:(U*,07))).

This being true for any sequence (6°) and any sequence (U¢) converging to u, Point (ii) is proven. O

4 Main result

From now on we will seek for the I'-limit & of the sequence of the discrete functionals (E. + F;) defined in (@), (I0).

We do not intend to study the way the different boundary conditions which could be imposed to our structures
pass to the limit. That is a very interesting topic as the boundary conditions associated to second gradient material
are rich and have exotic mechanical interpretation [26],[49]. But studying their whole diversity would lead to very
long mathematical developments. On the other hand, as the structures we consider may present in the limit some
inextensibility constraint, assuming, at it is frequent, Dirichlet boundary conditions would lead to a trivial set of
admissible deformations. So we decide to consider here only free boundary conditions. As well known, in this case,
the equilibrium of the structure can be reached only when the applied external actions are balanced and the solution
of equilibrium problems is defined up to a global rigid motion. In order to ensure uniqueness, we need to impose
that U and 6 have zero mean values:

K
I%ZULS:O, IEZGI,SZO (11)



We associate to any sequence (U¢, 6) the families of vectors mg, v ; and x7 , defined by

K
1 1 1
= E Z UIE,S7 U?,s = E(UIE,S - m?)? X;E),I = g(m‘?-i-p - m?) (12)

and the family of reals wf , ., defined by

w? prasl = 8_2(U}£+p,s’ - Ula,s) " Tp,s,s’s if (p7 87.8/) € A7 (13>
0 otherwise.
Using this notation, we can rewrite the two addends of the energy, E.(U¢) and F.(U¢, 6°), under the forms
= a ,s s’ 2
Ea( “x%) - EI: Z — I+p s ’Uis + X?p) ’ TP;&S’) (14)
I (ps,s")
- p,s,s 3 2 2 2
Fs(vsa Xsa 95) = EP Z pT (3(9§+p s T 9?,5 - F(vi-‘rns vl st XI p> zis s’ ) + (9?_,_1))5/ - 9?,5) )
(p.s.5")
(15)

Let us introduce the continuous counterparts of these quantities. For functions 0, v defined respectively on € x
{1,..., K} and 7 defined on Q x P x {1,..., K}, square integrable with respect to their first variable and taking
value respectively in R, R? and R?, we set

E(v,n) /Q Z (vsr (z) — vs(x) + Mp.s (T)) - Tpos,sr)” do, "

(p,s,s’)

’U 777 / Z ap7s - B ( (‘T) + 95(,@) - 2 (US’ (‘T) - Us(x) + Tp,s’ (,T)) : 7;575/)2 + (95/ (JJ) — 95(11))2>

’
p,S,S
p,SS (.

(17)

We extend this definition to distributions by setting £ = 400 or F' = 400 whenever the integrands are not square
integrable. For any functions u and v respectively in L?(R?) and L*(R? x {1,...,K}) we set, in the sense of
distributions, for any (p,s) € P x {1,..., K}

(nu)p75 = Vu-p, (18)

1
(&upw)ps = Vus - P+ EVVU ‘p-p. (19)
The limit energy of our structure reads

E(u) := mf {E (w,&uv) + F(v,mu,0); E(v,n.) = O}. (20)

Indeed we have

Theorem 2. The sequence (E. + F.) I'-converges to &:

(i) For all sequence (U%,0%) such that U*— u, we have liminf(E.(U®) + F.(U¢,0°)) > & (u).

(it) For any u such that &(u) < +oo, there exists a sequence (U%,0°) such that U*—u and limsup(E.(U®) +
F.(U=,6°)) < &(u).

In the next three sections we first prove the relative compactness of the sequences (U*#, 6°) with bounded energies
and of the associated sequences m®, v, x°; then we establish relationships between the limits of these quantities
and finally we prove Theorem

4.1 Compactness

Lemma 4. Let (U%,0°) with zero mean rigid motion satisfying E.(U¢) + F.(U¢,0°) < M, then the sequences

O, 1U7012), GE, 07,07, CE, Imal?). OF, lvg ol1%). CE, I3 ,11%) and (I, (w5 ,,.c.01)?) are bounded.

11



Proof. The proof is based on the connectedness assumption, on successive applications of triangle inequality and
on the classical Korn inequality. Here M is a constant which can change from line to line.

Consider (p, s, s’) and (¢,¢,s”) in A. From expression (@) of E. we immediately deduce that

€ €
UI-H),S’ B UI,S

2
}[:(w§7p7s)s,)2 =g2 }[: (f -Tp)&sl) < M. (21)
1

1

From expression (I0) of F. we also deduce that

€ €
UI-H),S’ B UI,S

2
%: (9§+p75/ - ?5)2 <M and %: (W ' ij:&s, - 9?5) <M.

. . . . . R -
Owing to our connectedness assumption, let us introduce a path (s;, pi,€;)i_, connecting node Yi.s tonode y7,, o

as described in section 21 For 0 < j <r, we set p; := Ef;ll €;pi. Using triangle inequality we have

0° -\ M d th Ufa+ﬁj+1»5j+1 B Uirﬁjﬂvsj 1 0° ’ M
%: Ipss; ~ V1s) < and thus %: < €lp. s, 550 “Thisisitn  VLs | < M
1127127

: rTe . TJTE e 5 e \L
Setting U ;o :==Uj5y — 07 (y54 — Y5 4)~ so that
3 3 __ 778 € 5 1
UI,s,J+p,S” - UI,s,J,s’ - UJer,S” - UJ,s’ - EHI,SEP,S’,S”Tp,s’,s’“

last inequality reads

U 0 —Us .- 2
I,8,]4pjt1,5j41 1,s,14+Pj+1,8; €
E] T s < M.
E[ Pj;Sj,Sj+1
1 Pjs8j:85+1

_ 2
: : -2 EI: € € .
AS (m) a’lso lmphes € I ((UI,S7I+ﬁj+1,Sj+1 - UI,S,I+ﬁj+1,Sj) Tp]‘,S]‘,S]‘+1) < M’ we get

2
<M

-2 3 rre
€ I HUI)S7I+ﬁj+17Sj+1 - U175;I+ﬁj+1;5j
I

2
< M or equivalently

which leads, still using triangle inequality, to £ =2 }[:I Hﬁf7s)1+p7s, — [}1675)1)8
_ L2
e Y |UF s per = Ufy = 05 Wiy — w505 < M. (22)
I

We focus temporarily on the particular case s = s’ = 1 which reads

e LU 1 = Uin — 59?11’LH2 <M (23)
I

and, in order to pass from this local rigidity inequality to a global one without stating any discrete version of
Korn inequality, we use a H' interpolation. We fix two independent vectors p and ¢ in P and divide the domain
in the disjoint union (for all ) of triangles (Y7 1,974, 1s Y71 prg1) A (Y715 Y7110 Yiiprq1)- The piecewise affine
interpolation U¢ of U¢ defined by setting for any I,

A—a)Us,+(@—b)Us, +bUs, 0y 0<b<a<l,

U (ys,+ +bq)) :=
(i1 +elap + ba) {(1—b)Uf71+(b—a)Uf+q11+aU§+p+q11 f0<a<b<l,

belongs to H' and satisfies ||U°]|Z, > C’}EI U7 1||* for some constant C. Moreover on the two types of triangles
we have either eVU* -p =Uf, , —Uf, and eVU*-q=0Up, . 1 — U, oreVUs-p=Ur ., — Ui, and
eVU*-q=Uj,,, — Uf ;. In the first case we can write

eeU)(p®Pp) = (Ufy,, — Ufy —ebi,p7) P

ce@N(@®q) = (Uiypiq1 —Ula —ebi,197) @

ce@I)(p®a+aq®@p) = (Ui — Uiy =07 p")  a+ (Ui g1 — Ul —€0i,1a") - P

12



where we have used the identity p-q+q*-p = 0. The second case is similar. As p®p, q®q, (pRq+qp) make a
basis for symmetric matrices, we obtain ||e(U¢)||?. < M by using (23) and summing over all triangles. We can then
use the classical Korn inequality : up to a global rigid motion, the function ¢ satisfies HVUEH%Q < M and owing
to Poincaré inequality ||U]|f. < M. From [U]|7. < M we directly get II U7 1> < M. From ||[VU* - p|f. < M

we get € 2 X, ||Uf 0 — Usa||” < M and thus Y, (65 )% < M.
We can now go back to ([22). We get

e LU g = UL < M. (21)
I
In particular £~2 }EI HU?S - UIE11H2 < M and so
LIz < (25)
I

Other bounds are now easy to get : taking the mean value with respect to s in (28) and @24]) (with p = 0) gives
respectively

L llmgl* < M, L llvF )12 < M, (26)
I I
while taking the mean value with respect to s and s’ in ([24) gives
L lIXGpl* < M. (27)
I
O

4.2 Double scale convergence

The bounds that we established in Lemma [l imply the existence of 0, u, v, X, and wp s & in L? such that, for any
s and up to subsequences,

c—0,, m-—u, 5

€ €
s s Vs Xp— Xp and Wp.s,s' — Wp,s,s/ - (28)

The following lemma establishes useful properties of these limits. We follow the methods used in [4] for establishing
properties of double limits.

Lemma 5. We have
K
Us—u, szzo and Xp = Vu - p. (29)
s=1

Moreover there exist some fields ws and X in L2(R?) such that, for any (p,s,s’) € A,
1
Wp,s,sr = (Wer — ws + V(vg +A) - p+ §VVu ‘P P) T, (30)

Proof. The convergence of v¢ implies that (U — m®)— 0 and so US— u.
The fact that Ele v7 , = 0 clearly implies that Zle vs(x) = 0.
To check that x, = Vu - p, it is enough to notice that, for any smooth test field ¢ with compact support,

/pr(fr) cp(x) =lm Y e (miy, —mi) - e(yp) = lim L mi e~ (0(yip) — e(y7)
I I

=lim YT m7 - (= Ve(yi) - p) + 0(e)) = —/QU(x) - (Ve(2) - p) :/ (Vu(@) - p) - o(z).
I

Q
Characterizing the limit w,, 5 o+ is more delicate. To that aim, let us introduce the set D4 of families of distributions

in H=1(R?):
Dy = {UJp,s,s’ = (W, —ws+VA-p) Tpss: (p,5,8) €A ws € L% Ne L2}

13



and D4~ its orthogonal, that is the set of families (¢p,s,s')(p.s,s)ea of functions in H'(R?) such that, for all
Yp,s.s € Da, Z(p ss/)EA (Yp,s,s's Op.s,s') = 0. Let us remark that, for any ¢ € Dat we have

> (Vépss - P) Tpsw =0. (31)

(pss,s')€A

and for any (w,) € L2(R?,R?)K

Z ((ws’ - ws) . Tp,s,s’) (bp,s,s’ =0. (32)

(p,s,s")€A

If we extend ¢ by setting ¢, s & = 0 whenever (p, s,s’) & A we can rewrite this last equation as

§ : Tp,s,s’ ¢P75;S, — Tp,s’,s ¢P;S,75 =0.

(p,s,s’)

Thus for such functions we have, using (32),

A D st ) () =B 3 U U)o 7))

(p,s,s’)eA (p,s,s’)EA
- hmj: Z vl—i—p s’ 1)175/)—|—571(1)§)S/ _vl,s) + 572(m§+p - m?)) ! (pr,s,s/ (y?)Tp,s,s/)
(p,s s’)G.A
=Y Y (e Wi —vEw) + e (M = M) (G (U] Tps)-
I (ps s’)G.A

Considering only smooth functions ¢, s s+ with compact support we can estimate the first addend by

tim 3 S T W — ) (Dpss (U)o

(p,s,s')EA

= hmI Z Vg ¢p,s s (Y—p) — Pps.s' (Y1)Tp,s,s')

(p,s,s’)EA
- hmI Z Vp o (=Vp,s,5 (Y1) - P)Tp,s,s) + O(€)
(p,s,s’)EA
= _/ Z Vs (2) - (Vp,s,s (2) - P)Tp,s,s) d
£ (p,s,s’)EA

= > {((Vou(@) - P)s (Gpss (1) 7o) )-
The second addend becomes using (B1])

hm}l: Z mI+p m?)) ! ((bp,s,s’ (y?)Tp,s,s’)

I (p,s,s)eA
= th Z ((Dp,s,s (7 p) Gp,s,s' (Y7))Tp,s,s')
I (p,s,s")eA
. £ —1 £ 1 £
= hm}[: Z m7 - (=7 Vépss (y7) P+ EVV(bp,S,S’ (Y1) P P)Tp,s,s')
I (p,s,s")eA

. IS5 1 15
= hmj: Z my - ((§vv¢p,s,s’ (yl) P P)Tp,s,S’)

I (p,s,s)€A
1
= / Z U(CL‘) . ((§vv¢p,s,s’ ({L‘) “p- p)Tp,s,s’) d:E
 (ps,s)eA
1
= > §<(VW(I) PP, (dps,s (x)prsﬁs,)>_
(p,s,s")EA
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Collecting these results we obtain that the distribution
1
Wp,s,s' — (Vvs - p+ EVVu ‘P P)  Tps,s

is orthogonal to all smooth functions in D 4t with compact support in . As they are dense in D4+, we know that
there exist some fields ws and X in L?(R?) such that, for any (p, s,s’) € A,

1
wf (ws/ — W + V(’Usl + )\) “p+ §VVu p- p) *Tp,s,s’ -

—
yS

4.3 Proof of the homogenization result

Proof. To prove assertion (i) of Theorem [2] we consider a sequence (U€,6°) with bounded energy : E.(U¢) +
F.(U?,6°) < M (otherwise the result is trivial). Therefore 2 E.(U*¢) tends to zero. We know from (28] and (29)
and Remark [l that v;— v, and xj,— n,. From Remark 2] we get

0 = liminf (e2E.(U¢)) = liminf (2E.(v°, x°)) > E(v,nu).

Hence E(v,n,) = 0. Rewriting now E.(U*®) as II 2 M(wip)&s,)Q, the energy reads

P,
p,s,s’) 2

=, = a ,8,8" 2 ﬂ2
E.(v°,x%) + F-(v°,x%,0°) = I Z p2 ((wiﬂs)s/) + ?(3(9?’_1))5/ —I—His
I (p,s,5)
2 iR

2 2
- ﬁ(v?-i-p,s/ - v?,s + X?,p) ! 7-;D,s,s/) + (9?1-;0,5' - 0?,5) )> (33)
D,s,8

Using again 28)), 29), (30) and Remarks [l and 2] we get

_ _ Up,s.s 2 B
limainf (E-(v°,X%) + F.(v°, X", 6°)) > /Q Z p’T’ <(wp,575/ ()" + 3 (3(95/ (x) + 05(z)
(p,s,s”)
- (o) = o) ) )+ (00(0) - 00(0)7) )
> E’(w, gu,v-i-)\) + F(’U, N 9) (34)

Noticing that F(v — X, 1y,0) = F(v,74,0) and E(v+ X\, n,) = E(v,1,) = 0, we get the desired bound.

In order to prove assertion (ii), let us now consider a function w such that £(u) < +00. By a density argument,
we can assume that u € C*(). We introduce (v, w, ) such that &(u) = E(w,&y.) + F(v,n4,0) and E(v,n,) = 0.
Their existence is ensured by the coercivity and lower semicontinuity of these functionals. The fields (v, w,8) also
belong to C*(§). Note that E(v,n,) = 0 implies that, for any (p, s, s’) € A,

(05 — 0y + V- P) - Ty = 0 (35)
from which we can deduce that
(Vog -p=Vus-p+VVu-p-p) 7pse =0. (36)
We now define U¢ and 6° by setting
Uj = u(yp) + evs(yf) + *ws(yf) and 07, = 0. (y]). (37)
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It is clear that Us—wu and 65— 6. Let us compute E.(U?) 4+ F.(U¢,6°). We have, using (B5]) and (B4,
Wi pse =€ Tpss Uiy —Uf)
= Tp,s,s' - (5_2(U(yf+p) —u(y7)) + ws (Y1) — ws(y7)
e 0 (U 4) = 0 (U 4)) + € (00U ) — 0s(0)
= T+ (£7VU0) B+ 5VVU(E) PP+ 0w (i) — wa0)
— 7 IVulyiL,) o+ Vosi) - ) + O(e)
= Tps,s * ( - %VVU(y?) PP+ Vus(yp) P+ wy (yrg,) — ws(yi)) +O(e)
= Ty (3YVUE) DB+ Vo (45) -+ wa(us,) — wa(u)) + O(e).

Hence W, o o = Ty * (s (Uf4,) = 0s(u5) + (Guw)psr (4) ) + O(e) and

P
lim E.(U°) =lm Y > %(w;pysﬁﬁ
I (p,s,s)eA
azs) s’ 2 =
= / 2 ((MS’ (x) — Ws (x) + (gu,v)p,s,S’) 'Tp,s,S’) = E(wagu,v)' (38)
Q (p,s,s’)EA

On the other hand
T i Ul = Ui = T (57 (W) = (w) + v (07,) = 0. 07) ) + O(E)
= e (Vul) - P+ ve (4ha,) — 0s5) ) + 0.
As vs(y7y,) = vs(y7) + O(e) and O5(y7,,) = 0s(y7) + O(e), we have

2
lim FL(U*,6°) = lim 30 > %(3(95/ (Y1) + 0s(y7)
I (p,s,s")

2 2 2
= 7 (W yi) = vs(WD) + Vi) - p) - ) + (0 (0D) = 0(v7) )
P,;S,S
= F(0,,0). 39)
The result is obtained by collecting (B8]) and ([B9)). O

5 Making explicit the limit energy

In the limit energy we have identified, namely

E(u) := u%rll)fe {E(w,{uv) + F(v,ny,0); E(v,n,) = O} )

one has to compute the minimum with respect to three extra kinematic variables. These minima can essentially
be computed locally, through “a cell problem”. This is clearly the case for 8 and w for which solutions depend
linearly respectively on &, ., and (v,7,). The quadratic constraint E(v,n,) = 0 is also easily solved and v takes the
form v = L -n, + X with L a linear operator and \ any field in the kernel of this energy. Collecting these results,
& becomes the integral of a quadratic form of the quantities Vu, VVu, A and VA. This procedure is pure linear
algebra dealing with very low dimensional matrices. The computation can even be performed analytically but using
a software like Octave© or Matlab® saves a lot of time.

A priori, the infimum with respect to A cannot be computed locally and the limit model involves this extra
kinematic variable : it is both a generalized continuum model [29] and a strain gradient model. The variable A,
which could be called a “micro-adjustment”, always play a fundamental role in the limit energy. However in many
cases, VA can be computed locally and A can be eliminated. This is the case for the three examples we have
provided in figures[[land Bl For making explicit the limit energy of these three examples, we fix the values of the
interactions by assuming that a, s = 1 for all connecting edges and that 5 =1 : we obtain
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e the homogenized material corresponding to graph given in Figure [Bh is submitted to the constraints
e11(u) =0, e22(u) =0
and has the following elastic energy
E(u) = / 3(6172(u))2 dx.
Q
It corresponds to a classical elastic material which is inextensible in the directions e; and es.

e the homogenized material corresponding to graph given in Figure Bb is submitted to the same constraints
e1,1(u) =0, e22(u) = 0 but has the following elastic energy

96 2 1 79%ug\2
) /Q 5 (12) + 35 (57 ) &
We get here a second gradient material. The point is that all odd horizontal layers of the structure, owing to

the diagonal bars, behave like bending beams. The second gradient term of the homogenized energy results
from this phenomenon. We are in a similar case as the ones described in [44], [19]. The energy is not complete :

indeed it can be rewritten
96 2 170 /0us  Oup\\2
Ewy= | = S (2 (G2 TN g
() /Q 5 (e12(w) + 16(8:51(8901 5:102)) v

The homogenized material enters in the framework of couple-stress models.

e the homogenized material corresponding to pantographic graph given in Figure [Il is more interesting. It is
submitted to the constraint es 2(v) = 0 and has the following elastic energy

2 2 3 2u\®  [0us\® 1 8%uq 0%us \°
éa(u) —/Q <72(€1)1(U)) +144(€1)2(’u)) + % (( ax% ) +< 6,@% > +@<448:c18x2 + 13 ax% ) d:vld:vg

2
The presence of the term (%2;21) makes this energy a complete second gradient one. Due to this term, the
1

homogenized material has an exotic behavior : when a part of the domain is extended in the e; direction, then
this extension tends to expand in the e; direction. The term (e 1)? damps this expansion with a characteristic

length /2= ~ 0.13.

6 Conclusion

We have proved that the homogenized energies of our graph-based structures correspond to second gradient models
possibly with an extra kinematic variable. Using our general result, it is very easy to test different designs and to
understand the source of second gradient effects. Our results differ from the energies which could be obtained by a
formal asymptotic development (for instance in [42] equation (4.46)). It is obvious that one must not approximate
the displacement field inside the structure by a Taylor expansion of the macroscopic displacement field : this
approximation is much too rough for our structures and would overestimate the homogenized energy. But assuming
a double scale expansion for the displacement field is still not accurate enough: such an expansion cannot describe
the flexural behavior of the slender rectangles which (see the proofs of lemmas [2 and B in the appendix) is due
to Bernoulli-Navier displacements at scale ¢2. However, even if a double scale expansion cannot be used for our
original problem (B]), we note in view of (31, that it could be used for the displacements of the nodes in the discrete
problem FE. + F. and would lead to the correct homogenized behavior.

We must warn the reader that the source of second gradient effects does not ensue from flexural interactions.
The fact that bending stiffness is by itself a second gradient effect may indeed be misleading. The reader may
infer that the presence in our structures of slender slabs, in which Euler-Bernoulli-Navier motions take place, is
the source of the homogenized second gradient effects. We emphasize that is not the case : even when 8 = 0, that
is when bending stiffness is neglected, second gradient effects remain. They are due to the extensional stiffness of
the slender slabs and to a particular design of the periodic cell while the bending stiffness is, on the contrary, the
source of the first gradient effects in the homogenized energy and ensures the relative compactness of the considered
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energies. To understand the nature of the appearance of second gradient through the homogenization process and
to conceive new structures with such effects, we recommend the reader to forget bending stiffness and focus on the
case 0 = 0 reminding that relative compactness could also be ensured by suitable boundary conditions.

The reader must also be aware that, depending on the geometry of the considered graph, second gradient effects
may be present or not. They are present when considering the graphs represented in Figure Bb or [I] but absent
when considering the graph of figure Bh. The interesting designs are those having floppy modes when considering
only the extensional energy but such that the floppy modes must have uniform strain. For instance, the interest of
the graph represented in Figure [ lies in its uniform horizontal global extension floppy mode.

The detailed description of the algorithm which makes explicit the limit energy for different dimensions of space
and periodicity will be given in [I].

7 Appendix

Here we collect sketches of the technical proofs of the lemma needed for the reduction of the 2D elastic problem to
the discrete one.

Proof of lowerbound Lemma[2: By adding if needed a rigid motion to u, we can restrict our attention to the case
Uy =U) =0and U; = —U;". We also remark that, for any o € L?(w),

~ 2 5\ 2 1 2 2 .
/w (me(u)n + Jtr(e(u) ) > - / <4—ﬂ|o| ety ) + / o e(u).

- (a +2b(z1 +c)re  b(e? — x%))
- b(e? — x3) 0

Let us choose

with a = XU, b= —3Y (6~ + %) and ¢ = L9720 Setting Y (z) := % (which takes the values Y and kY),

we have

1

T = (W +v)loll? = vtr(0)?) = % ((a+ 261 + ©)za)? + W21+ v)(e? — 23)%).

8a(A + f1)

Integrating over the thickness we get

Lo
—||O
4

1, A ) /W 1 , 8¢, ,  32¢5 )
—||o||¥ = ——=—tr(0)* = —(2ea” + —b*(z1 +¢c)* + — (1 + v)b?) dx;.
Lol = e = [ e+ S+ 04 S )

Direct computations give

bz ¢ ke
- dry < =(14+2—-
/4/2 V() y 257

2 (21 4 ¢)? 03 6c)° ke
= dry < 3+ — 1+12—-).
/g/z Vi) 736y < ] ) ( 7

and

Hence

1 A ke Ye e? _ N2
G e < s Ul 4 G (3070t (07 —0)) |

On the other hand, noticing that the chosen field ¢ is divergence free and thus that [ o :e(u) = faw (0-n)-u, we
obtain

/ oiew) > (1 — 92X Uiy + ?(3(% FOP (0" —07)) St o))

The lemma is proven by collecting these two results.
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Proof of upperbound lemmal3: By adding if needed a rigid motion to u, we can restrict our attention to the case
Uy +07K'e=Uy —0%tk'e=0and U = —U;". In that case we simply have to state for the energy the upperbound

/ (me(w + gtr@(u))?) < L+ oy |wi vy
?(WW FO7)2 4 (07 — 97)2)} (40)

where v := # = 1—2K'$. We introduce the continuous piecewise affine function ¢ defined by ¢(z) = 1 if

lz| < £ —2k'e, p(z) = 0if [z| > £ — k'e. Then we define u by setting u(z1,z2) = U™ + 0~ (—z2, 21 + &) if

T < —é + ke, u(xy,x0) =UT + 01 (20,21 — %) if 21 > % —K'e and, for |z1| < % — ke,

_ 1 /1222 Y - -
(@, @2) = (U = Uy )%—@( ,Ygzcl(9++9 )+ —2(0F —07) — 20 + 0 )):cg
v [2z _ B 422
e a2) = g (SHOT +0) + a0t -0) (55 - )
el , 6z _ 73
- [E; 1)(5(U1+—U1 )wz—(—71(6‘++6‘ 4G ))72),

It is straightforward to check that u belongs to H!(w,R?) and some cumbersome but direct computations lead to
estimation (@0Q).
O

Acknowledgment

The authors thank the french Region Provence-Alpes-Céte-d’Azur and C.N.R.S. (P.E.P.S.) for their financial sup-
port.

References

[1] H. Abdoul-Anziz, P. Seppecher, effective computation of second gradient stiffnesses of elastic frame lattices, in
preparation.

[2] E. C. Aifantis, On the role of gradients in the localization of deformation and fracture International Journal
of Engineering Science 30 (10) (1992) 1279-1299.

[3] E. C. Aifantis, Strain gradient interpretation of size effects International Journal of Fracture 95.1-4 (1999)
299-314.

[4] G. Allaire, Homogenization and two-scale convergence, SIAM Journal on Mathematical Analysis, 23 (6) (1992)
1482-1518.

[5] G. Allaire, M. Briane, M. Vanninathan, A comparison between two-scale asymptotic expansions and Bloch
wave expansions for the homogenization of periodic structures SeMA Journal 73 (3) (2016) 237-259.

[6] J.J. Alibert, P. Seppecher, F. dell’Isola, Truss modular beams with deformation energy depending on higher
displacement gradients Mathematics and Mechanics of Solids 8 (2003) 51-73.

[7] J.J. Alibert, A. Della Corte, Second-gradient continua as homogenized limit of pantographic microstructured
plates: a rigorous proof Zeitschrift fir angewandte Mathematik und Physik 66 (5) (2015) 2855-2870.

[8] G. Barbagallo, A. Madeo, I. Azehaf, I. Giorgio, F. Morestin, Ph. Boisse, Bias extension test on an unbalanced
woven composite reinforcement: Experiments and modeling via a second-gradient continuum approach Journal
of Composite Materials, (2017) 153-170.

[9] G. Barbagallo, A. Madeo, F. Morestin, Ph. Boisse, Modeling the deep drawing of a 3D woven fabric with a
second gradient model, Mathematics and Mechanics of Solids, (2016).

19



[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]
[18]

[19]

[20]
[21]

22]

[23]

[24]

[25]
[26]
[27]

[28]
[29]

I. Babuska, S. A. Sauter, Algebraic algorithms for the analysis of mechanical trusses, Mathematics of compu-
tation 73, (248), (2004) 1601-1622.

G. Bouchitté, M. Bellieud, Homogenization of a soft elastic material reinforced by fibers Asymptotic Analysis
32 (2) (2002) 153-183.

G. Bouchitté, G. Buttazzo, 1. Fragala, Mean curvature of a measure and related variational problems, Ann.
Scuola Norm. Sup. Pisa, (4), 25 (1997) 179-196.

G. Bouchitté, I. Fragala, Homogenization of elastic thin structures: a measure-fattening approach J. Convez
Analysis 9 (2) (2002) 339-362.

G. Bouchitté, I. Fragala, Homogenization of Thin Structures by Two-Scale Method with Respect to Measures,
SIAM J. Math. Anal. 32 (6) (2006) 1198-1226.

C. Boutin, Microstructural effects in elastic composites International Journal of Solids and Structures, Elsevier,
33 (7) (1996) 1023-1051.

C. Boutin , S. Hans, C. Chesnais, Generalized Beams and Continua, Dynamics of Reticulated Structures
Mechanics of Generalized Continua, Advances in Mechanics and Mathematics 21 (2010) 131-141.

A. Braides, I'-convergence for beginners Ozford University Press (2002).

A. Braides, M. S. Gelli, Limits of Discrete Systems with Long-Range InteractionsJournal of Convex Analysis
9 (2) (2002) 363-399.

M. Briane, M. Camar-Eddine, Homogenization of two-dimensional elasticity problems with very stiff coefficients
Journal de Mathmatiques Pures et Appliques 88 (6) 483-505.

P. Casal, La théorie du second gradient et la capillarité C. R. Acad. Sci. Paris, Série A 274 (1972) 1571-1574.

M. Camar-Eddine, P. Seppecher, Closure of the set of diffusion functionals with respect to the Mosco-
convergence Mathematical Models and Methods in Applied Sciences 12 (08), (2002) 1153-1176.

M. Camar-Eddine, P. Seppecher, Determination of the closure of the set of elasticity functionals Arch. Ration.
Mech. Anal. 170 (3) (2003) 211-245.

G. A. Chechkin, V. V. Jikov, D. Lukkassen, A. L. Piatnitski, On homogenization of networks and junction,
Asymptotic Analysis 30 (2002) 6180.

G.A. Chechkin, A.L. Piatnitski, A.S. Shamaev, Homogenization methods and applications, American Mathe-
matical Society, Providence, RI, USA, 2007.

G. Dal Maso, An introduction to I'-convergence Birkhduser, Boston (1993).
F. delllsola, P. Seppecher, Edge Contact Forces and Quasi-Balanced Power, Meccanica 32 (1) (1997) 33-52.

F. dell’Isola, U. Andreaus, L. Placidi, At the origins and in the vanguard of peri-dynamics, non-local and higher
gradient continuum mechanics. An underestimated and still topical contribution of Gabrio Piola Mechanics
and Mathematics of Solids 20 (8) (2014) 887-928.

A. C. Eringen, Microcontinuum field theories Springer-Verlag, New York (2001).

S. Forest, Homogenization methods and the mechanics of generalized continua Geometry, Continua and Mi-
crostructure, ed. by G. Maugin, Travauz en Cours No. 60, Hermann, Paris, France (1999) 35-48.

G. G. Giusteri, The multiple nature of concentrated interactions in second-gradient dissipative liquids
Zeitschrift fir angewandte Mathematik und Physik 64 (2) (2013) 371-380.

S. Gonella, M. Ruzzene, Homogenization and equivalent in-plane properties of two-dimensional periodic lat-
tices,International Journal of Solids and Structures 45 (2008) 2897-2915

H. Gouin, Utilization of the Second Gradient Theory in Continuum Mechanics to Study the Motion and
Thermodynamics of Liquid-Vapor Interfaces Physicochemical Hydrodynamics, Part E;, NATO ASI Series 174,
Springer US (1988) 667-682.

20



[33]

[34]

DS,

A. Madeo, M. Ferretti, F. delllsola, Ph. Boisse, Thick fibrous composite reinforcements behave as special
second-gradient materials: three-point bending of 3D interlocks Zeitschrift fiir angewandte Mathematik und
Physik ZAMP 66 (4) (2015) 2041-2060.

P.G. Martinsson and I. Babuska, Mechanics of Materials with Periodic Truss or Frame Micro-structures
Archives for Rational Mechanics and Analysis 185 (2) (2007) 201-234.

P.G. Martinsson and I. Babuska, Homogenization of materials with with periodic truss or frame micro-
structures Mathematical Models and Methods in Applied Sciences 17 (5) (2007) 805-832.

M. Maziere and S. Forest, Strain gradient plasticity modeling and finite element simulation of Liiders band
formation and propagation Continuum Mechanics and Thermodynamics, 27 (2015) 83-104.

N. Meunier, 0. Pantz, A. Raoult, Elastic limit of square lattices with three-point interactions, Mathematical
Models and methods in Applied Sciences 22 (11) (2012) 1250032.

R. D. Mindlin, Influence of Couple-stresses on Stress Concentrations Ezperimental Mechanics 3 (6) (1962)
756-757.

R. D. Mindlin, H. F. Tiersten, Effects of couple-stresses in linear elasticity Arch. Rational Mech. Anal. 11
(1962) 415-448.

R. D. Mindlin, Second gradient of strain and surface tension in linear elasticity Int. J. Solids and Struct 1 (4)
(1965) 417-438.

G. Nguetseng, A general convergence result for a functional related to the theory of homogenization, STAM J.
Math. Anal. 20 (1989), 608-623.

M. Ostoja-Starzewski, Lattice models in micromechanics, Appl Mech Rev 55, n(1), (2002) 35-59.

S. E. Pastukhova, Homogenization of problems of elasticity theory on periodic box and rod frames of critical
thickness, Journal of Mathematical Sciences 130 (5) (2005) 4954-5004.

C. Pideri, P. Seppecher, A second gradient material resulting from the homogenization of an heterogeneous
linear elastic medium Continuum Mechanics and Thermodynamics 9 (5) (1997) 241-257.

C. Polizzotto, G. Borino, A thermodynamics-based formulation of gradient-dependent plasticity European
Journal of Mechanics-A/Solids 17 (5) (1998) 741-761.

A. Raoult, D. Caillerie, A. Mourad, Elastic lattices: equilibrium, invariant laws and homogenization Annali
dell Universita di Ferrara 54 (2) (2008) 297-318.

G. Sciarra, F. dell'Isola, O. Coussy, Second gradient poromechanics International Journal of Solids and Struc-
tures 44 (20) (2007) 6607-6629.

P. Seppecher, Moving contact lines in the Cahn-Hilliard theory International journal of engineering science 34
(9) (1996) 977-992.

P. Seppecher, J.J. Alibert, F. dell’'Isola, Linear elastic trusses leading to continua with exotic mechanical
interactionsJournal of Physics: Conference Series 319 (1), (2011) 012018.

V. P. Smyshlyaev, K. D. Cherednichenko, On rigorous derivation of strain gradient effects in the overall
behaviour of periodic heterogeneous media, J. Mech. Phys. Solids 48 (2000) 1325-1357.

R. A. Toupin, Elastic Materials with couple-stresses. Arch. Rat. Mech. Analysis 11 (1962) 385-414.
R. A. Toupin, Theories of elasticity with couple-stress Arch. Rational Mech. Anal. 17 (1964) 85-112.

N. Triantafyllidis, E. C. Aifantis, A gradient approach to localization of deformation. I. Hyperelastic materials
Journal of Elasticity 16 (3) (1986) 225-237.

Y. Yang, A. Misra, Micromechanics based second gradient continuum theory for shear band modeling in
cohesive granular materials following damage elasticity International Journal of Solids and Structures 49 (18)
(2012) 2500-2514.

21



	Introduction
	Initial problem, description of the geometry
	The graph
	The 2D elastic problem
	Convergence

	Reduction to a discrete problem
	Estimations for an elastic rectangle
	Estimation for the whole structure

	Main result
	Compactness
	Double scale convergence
	Proof of the homogenization result

	Making explicit the limit energy
	Conclusion
	Appendix

