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Abstract

This paper investigates an adaptation of the high-gain Kalman filter
for nonlinear continuous-discrete system with multirate sampled outputs
under an observability normal form. The contribution of this article is
twofold. First, we prove the global exponential convergence of this ob-
server through the existence of bounds for the Riccati matrix. Second, we
show that, under certain conditions on the sampling procedure, the ob-
server’s asynchronous continuous-discrete Riccati equation is stable and
also, that its solution is bounded from above and below. An example,
inspired by mobile robotics, with three outputs available is given for illus-
tration purposes.

1 Introduction

The present paper deals with the design of observers for nonlinear multirate
sampled-data systems under asynchronous sampling —i.e. control systems hav-
ing continuous state dynamics and a discrete measurement procedure. This
situation arises when the output vector of a control system is obtained through
several sensors that do not have the same (possibly non-uniform) sampling rate.
Such systems are often met in practice, for instance in global positioning prob-
lems, as in [33], or in the field of drone control [10]. Likewise, one can be con-
fronted with such asynchronous systems in the fields of submarine robotics, as
can be seen from [3, 31, 6], chemical engineering [41], or cultivation engineering
[4].

As emphasised in [43], this state estimation problem can be tackled by con-
sidering one of the three following options. First, model the state dynamics
as discrete and apply a known estimator for discrete state systems —see for
example [4] in the linear setting. Second, lift the measurements into the space
of continuous functions, e.g. with the help of a polynomial fit as in [41] in the
nonlinear setting. Third, directly consider the continuous model for the state
dynamics and the discrete model for the measurements. This latter option is
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the one retained in the present paper, for nonlinear systems, in the framework
of high-gain observers [18].

Considering the design of observers, or estimators, for linear multirate stochas-
tic systems, [43] posed the problem in terms of Itô-Volterra equations associated
to discrete measurements, which allowed them to derive a very general optimal
filter in this framework. Using the theory of vibrosolutions of integral equa-
tions with discontinuous measures, the authors provided an explicit solution
in the form of a Kalman-like estimator. More recently, in [34], the authors
modeled each sensor as a sample-and-hold device and performed a stability
analysis based on Lyapunov-Krasovskii functionals. They also considered the
problem of determining the maximum time interval between consecutive mea-
surements that guarantees exponential stability. It was addressed under the
guise of an optimisation problem in terms of linear matrix inequalities (LMI).
In [28], the authors built upon the ideas of [25, 1] where an already designed
continuous-time Luenberger-like observer was coupled with asynchronous inter-
samples predictors. Finally, the problem under consideration was also addressed
by using multirate versions of the Kalman filter, see for instance [27, 4, 24, 17].
In particular, in [17], the authors studied the exponential convergence of the
proposed observer and the preservation of observability for multirate systems.
The present article extends this latter approach to nonlinear systems within the
framework of high-gain observers.

In the nonlinear framework, there are many paths one can follow in order
to perform data fusion for multirate systems, as it can be seen from [22]. In
[41], the authors relied on a fully continuous Luenberger-type design where the
missing measurements were predicted with the help of a polynomial interpo-
lation method. More recently, [29] used an already designed continuous-time,
Luenberger-like, observer coupled with asynchronous inter-samples predictors.
Also relying on a fixed correction gain, [40] proposed a continuous observer for
multirate systems where the measurements were updated whenever available,
the sensors being seen as sample-and-hold devices. In this latter paper, the
global exponential stability of the observer was proved assuming that the sys-
tem under consideration is under an observability normal form distinct from the
one used in the present work —see [19] for details.

Let us mention two more contributions based on Luenberger-like designs. In
[42], the authors addressed the problem of robust multirate estimation in the
sense that measurements were available in two time scales: fast and slow. There,
the slow measurements were shown to enhance the robustness of the estimation
procedure with respect to modelling errors. For this purpose, the state variables
need to be (locally) integral detectable from the slow measurements. Finally, in
[11], the authors proposed a discrete-time state estimation based on the Taylor
series expansion of the system’s dynamics. The analysis of the proposed observer
follows the ideas of [18] regarding systems that are observable for any inputs but
without using an explicit high-gain parameter.

A multirate moving horizon estimator was detailed in [30]. It relied on a
binary switching sequence in order to model the multirate sampling and predic-
tions of the missing measurements.
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Finally, the extended Kalman filter design has also been considered for mul-
tirate estimation, as it can be seen from [13, 14, 21, 35] where systems having
two time scales were considered. In [10] a multirate extended Kalman filter was
considered to perform data fusion onboard a small-scale helicopter.

The present paper details the design of a high-gain extended Kalman filter for
the state estimation of multirate nonlinear systems. Following the ideas of [23,
12, 8, 17] the proposed observer consists of two steps: (i) an open-loop prediction
when no measurements are available, and (ii) an impulsive correction each time
a new measurement is available. This second step is performed according to the
actually measured outputs which may consist of a subset of the system’s output
vector only. The global exponential convergence is proven under the hypothesis
that the system is under an observability normal form —see e.g. [19, 2, 15].
The main difficulties are, on the one hand, to deal with several non-uniform
subdivisions of time in order to represent the asynchronous outputs, and on the
other hand, proving that the observer’s Riccati equation is bounded over time.
This latter issue is handled by following the ideas developed in [7], where only
the synchronous setting is considered.

In the present paper, as usual with the high-gain framework, the convergence
analysis is done completely in the noise-free setup. However, high-gain estima-
tors are known for being very sensitive to noise. Since our design is based on an
extended Kalman filter, which has good noise filtering properties [36], we expect
the filtering efficiency of the Kalman design to counterweight the drawbacks of
the high-gain formalism —as it is the case in our example in Section 5. As this
might not be sufficient, a natural extension to the present work is to consider a
varying high-gain parameter in order to get the best of both worlds, as it was
done in [9, 16, 38].

The remainder of the article is as follows. In Section 2, the system under
consideration is introduced. In particular, it introduces the notion of virtual
sensor in order to take into account measurements that are always available
at the same time steps. The observer proposed for this class of systems is
defined in Section 3. Section 4 deals with the proof of the global exponential
convergence of this observer. The demonstration heavily relies on the existence
of bounds for the solution to the observer’s Riccati equation. For the sake of
clarity in the exposure, the proof of this result is given in appendix A. It basically
follows the ideas developed in [7], with an increased complexity coming from the
asynchronicity of the measurements that makes this exposure necessary. Section
5 is dedicated to an example coming from mobile robotics. Finally, Section 6
concludes the article.

Notations

• A time subdivision {τk}k∈N is meant as a strictly increasing sequence
of real numbers with τ0 = 0 and τk →∞ when k →∞.

• Id is the identity matrix with appropriate dimensions, diag[v] denotes a
diagonal matrix whose elements are the elements of v. Throughout the
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paper, v can either be a vector or a set of matrices. In this latter case,
diag[v] is to be understood as a block-diagonal matrix.

• For a square matrix M , Tr(M) denotes the trace.

• R∗ means R\{0}, and N∗ stands for N\{0}.

• For a square matrix M , Tr(M) denotes the trace.

• If Ω is a set, we denote by |Ω| the cardinality of this set.

• w.r.t. is used as the short form of with respect to, and s.p.d. stands for
symmetric positive definite. Oftentimes, time dependencies are omitted to
make the notation less cluttered.

• For a time varying quantity x(τ) evaluated at time τk, we use the notation
xk = x(τk). At times τk, correction steps are performed. At such times,

the quantity x(τk) is denoted x
(−)
k before the correction step, and x

(+)
k

after.

• Let us consider a product of time varying quantities (having appropriate
dimensions) of the form: x

′
(τ)S(τ)x(τ). Then, at time τk, the notation(

x
′
Sx
)(−)

k
is the short form of x

(−)′

k S
(−)
k x

(−)
k .

2 System under consideration

Let (Σc) be a nonlinear, observable, continuous system under the following
observability normal form —see also [16, 19, 39]:

{
ẋ(τ) = A(u(τ))x(τ) + b(x(τ), u(τ)) with x(0) = x0

y(τ) = C(τ)x(τ)
(Σc)

The state variable x(τ) lies in a compact subset χ of Rn, the output y(τ) is in
Rny and the input vector u(τ), which belongs to Uadm ⊂ Rnu , is bounded for
all times. The state variable is decomposed into ny subvectors as follows:

x(τ) =



x1(τ)

...
xny (τ)




where, for all i ∈ {1, ..., ny}, xi(τ) is in the compact subset χi ⊂ Rni (and∑ny
i=1 ni = n). Each subvector xi(τ) is associated to the ith output yi(τ) and is

written

xi(τ) =



x1
i (τ)
...

xnii (τ)



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The dynamics of xi(τ) are described by:
{
ẋi(τ) = Ai(u(τ))xi(τ) + bi(x(τ), u(τ))
yi(τ) = Ci(u(τ))xi(τ)

• Ai(u) and Ci(u) are, respectively, (ni, ni) and (1 × ni) matrices of the
form

Ai(u) =




0 a2
i (u) · · · 0

0
. . .

. . . 0
...

. . .
. . . anii (u)

0 . . . 0 0




and Ci(u) =
(
a1
i (u) 0 · · · 0

)

where, for all i ∈ {1, ..., ny}, j ∈ {1, ..., ni}, u ∈ Uadm, 0 < am < |aji (u)| <
aM . Moreover, we suppose that the elements of the Ci matrices are dif-
ferentiable at least once and have their derivative bounded over time1.

• bi(x, u) is a C1 triangular, compactly supported, vector field whose last
component is allowed to depend on the full state of (Σc):

bi(x, u) =




b1i (x
1
i , u)

b2i (x
1
i , x

2
i , u)

...

bni−1
i (x1

i , ..., x
ni−1
i , u)

bnii (x, u)




We assume that the Jacobian matrix Dxb(x, u) of b(x, u), computed w.r.t.
x, is bounded from above by Lb > 0. Therefore, b(x, u) has the Lipschitz
property w.r.t. x (uniformly w.r.t. u): ‖b(x, u)− b(z, u)‖ ≤ Lb ‖x− z‖.

Finally, the full dynamics of system (Σc) are given by

A(u) = diag
[
A1, . . . , Any

]
, b(x, u) =



b1(x, u)

...
bny (x, u)


 and C(u) = diag

[
C1, . . . , Cny

]

To this plant, we associate the following continuous-discrete system with
asynchronous, or multirate, measurements

{
ẋ(τ) = A(u(τ))x(τ) + b(x(τ), u(τ)) with x(0) = x0

y(τk) = Cσkx(τk)
(Σacd)

Contrary to what was proposed in a previous work [17], the asynchronous
measurement procedure is not modelled with respect to each output. Instead,
we lump together outputs always available at the same time.

1Although restrictive, this condition is necessary in order to apply Lemma 13 to a time
varying matrix C.
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1. Let a sensor be a non-empty subset si ⊂ {1, . . . , ny}. It is associated
to a vector y(si)(τ) =

{
yj(τ) : j ∈ si

}
. There are ns sensors, with 0 <

ns ≤ ny. In this work, we assume that the set of all sensors of (Σacd) is
a partition of the set {1, . . . , ny}. Henceforth, it is assumed that a sensor
is made of consecutive indices. Indeed, this can always be achieved via a
simple re-ordering of the output and state variables.

The (|si| × n) output matrix corresponding to a sensor si is denoted C(si)

and is such that y(si)(τ) = C(si)x(τ).

2. A subdivision of time
{
s

(i)
k

}
k∈N

is associated to each sensor si, and the

global time subdivision {τk}k∈N is defined as:

{τk}k∈N :=

ns⋃

i=1

{
s

(i)
l

}
l∈N

where elements belonging to several subdivisions
{
s

(i)
l

}
are considered

only once.

3. For each τk there exist at least one sensor si such that s
(i)
l = τk for some

index l. Let σk denote the set of such sensors:

σk =
{
i ∈ {1, ..., ns}|∃ l ∈ N such that s

(i)
l = τk

}

The above mentioned l index, probably differs from k, and is not the same

from sensor to sensor. As such, for all i ∈ σk, l
(i)
k denotes the index l ∈ N

such that s
(i)
l = τk.

The matrix Cσk associated to the set σk is the
(∑

i∈σk |si| × n
)

matrix

made of the C(si) matrices that correspond to the output actually available
at time τk:

Cσk =




...
C(si)

...



i∈σk

and thus yk = y(τk) = Cσkx(τk)

3 Definition of the multirate high-gain Kalman
filter

The continuous-discrete asynchronous high-gain Kalman filter is defined in two
parts:

1. two prediction equations when τ ∈ [τk−1, τk[, k ∈ N∗, with initial values

z
(+)
k−1 and S

(+)
k−1;
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2. two correction equations at time τk.

Notations:

• z(τ) is the estimated state for all τ ∈ [τk−1, τk[;

• z(−)
k is the estimated state at time τk, at the end of a prediction step and

before a correction step;

• z(+)
k is the estimated state at time τk, after a correction step. Therefore,

z
(+)
k is the initial estimated state of the new prediction interval [τk, τk+1[.

Prediction equations
{
ż(τ) = A(u)z(τ) + b(z, u)

Ṡ(τ) = − (A(u) +Dxb(z, u))
′
S(τ)− S(τ) (A(u) +Dxb(z, u))− (SQθS)(τ)

(O1)
Correction equations

z
(+)
k = z

(−)
k − S

(+)−1

k

∑
i∈σk

C(si)
′(
R

(si)
θ

)−1 (
C(si)z

(−)
k − y

(si)
k

)(
s
(i)

l
(i)
k

− s
(i)

l
(i)
k
−1

)

S
(+)
k = S

(−)
k +

∑
i∈σk

C(si)
′(
R

(si)
θ

)−1

C(si)

(
s
(i)

l
(i)
k

− s
(i)

l
(i)
k
−1

)
(O2)

In other words, the correction at a time τk is made with respect to each

measurement y
(si)
k that is actually available and involves a weighting factor

equal to the time elapsed since the last time this specific output was measured.

The matrices Qθ and R
(si)
θ —which can be time dependent2 provided the

constraints (1)-(2) below are met— are of the form

Qθ = θ∆−1Q∆−1 and R
(si)
θ =

1

θ
δ(si)R(si)δ(si)

where

• Q and R(si) are s.p.d. matrices, of dimensions (n × n) and (|si| × |si|)
respectively which must lie in compact subsets such that:

q Id ≤ Q ≤ q Id with 0 < q < q (1)

ri Id ≤ R(si) ≤ ri Id with 0 < ri < ri (2)

• δ(si) and ∆ are both diagonal matrices whose construction relies on the
quantity n∗ = max(n1, n2, . . . , nny ) and on a fixed scalar θ ≥ 1:

∆ = diag
[
∆1, . . . ,∆ny

]
where ∆i = diag

[
1

θn∗−ni
, . . . ,

1

θn∗−1

]

and δ(si) = diag
[{
θn
∗−nj : j ∈ (si)

}]

2This time dependency is not explicitly written in the observer’s equations to make the
notations less cluttered.
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Finally, R = diag
[
R(s1), . . . , R(sns )

]
and Rθ = diag

[
R

(s1)
θ , . . . , R

(sns )
θ

]
, or

equivalently, if one defines δ = diag
[
δ(s1), . . . , δ(sns )

]
: Rθ = 1

θ δRδ.

The initial datum of the observer is made of the initial estimated state z(0) ∈
χ ⊂ Rn and of S(0), a s.p.d. matrix.

Remark 1. 1. When θ equals 1, the proposed observer can be seen as the
nonlinear version of the continuous-discrete Kalman filter. In this context,
the time ponderation in (O2) is unusual. However, this time ponderation
is critical in the proof of convergence. In fact, (O2) corresponds to the
discretisation of a continuous extended Kalman filter, but performed with
respect to the asynchronicity of the measurements. As such, the scaling
factor is necessary so that equations keep a mathematical meaning when
the discretisation step goes to zero.

From a practical perspective, this time ponderation prevents from giving a
too high weight to high-frequency measurements compared to low-frequency
measurements.

2. The two matrices Qθ and Rθ, built according to the normal form of an
observable system, constitute the high-gain formalism. The fixed parameter
θ is the so-called high-gain parameter. When θ = 1, the proposed observer
is a simple extended Kalman filter for which the normal form allows to
prove local convergence only —see e.g. [9].

Although out of scope of the present work, a worth mentioning issue is the
study of methods that allow to define and run the observer in the original
coordinates of the system instead of the normal coordinates. Interested
readers can refer to, e.g., [5, 26, 37] and references herein.

3. Although the definitions of ∆ and δ may appear uselessly intricate, they are
necessary in order to simplify forthcoming computations, in particular by
preserving the Lipschitz constant of vector field b(x, u) despite the change
of variables performed at the beginning of the proof of convergence (cf.
Sec. 4).

4. According to Equation (O2), R cannot be any s.p.d. matrix. It is in fact
a block diagonal s.p.d. matrix, each block corresponding to a sensor. In
[17], R was a diagonal matrix and the approach less general. Here, our
definition of sensors allows us to consider correlations between potential
measurement noises that corrupt measurements given by the same physical
sensor.

5. In the framework of high-gain observers, matrices Q and R are viewed as
tuning parameters because of the influence of θ and the noise-free setup.
However, in practice, these matrices can be chosen based on the noise char-
acteristics in order to reflect differences in scales or correlations between
potential measurement noises, see for example [39].
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4 Convergence of the asynchronous high-gain
filter

Theorem 1. Consider (Σacd), a continuous-discrete system with asynchronous
measurements obtained from an observable nonlinear system (Σc) under the
assumptions presented in Section 2.

Let x(τ) ∈ Rn and y(τ) ∈ Rny be the state and output vectors of (Σacd).
Let ns ≥ 1 be an integer such that y(τ) is made of ns sub-vectors. For a given
i ∈ {1, ..., ns}, the dimension of the corresponding sub-vector of y(τ) is denoted

ni and a, possibly non-uniform, subdivision of time denoted
{
s

(i)
k

}
k∈N

tells when

a measurement is actually available. For each i, let δt(i) denote the maximum

step size of
{
s

(i)
k

}
k∈N

.

The asynchronous high-gain extended Kalman filter based on (Σacd) is given
by (O1-O2), whose state is denoted by z(τ) ∈ Rn.

Then, for any fixed T > 0, there are positive constants K1, K2, K3, θ0 > 1,
and µi, for i = 1, ..., ns, such that for all θ > θ0 and θδt(i) < µi, one has for all
τ ≥ T

θ :

‖z(τ)− x(τ)‖2 ≤
∥∥∥∥z
(
T

θ

)
− x

(
T

θ

)∥∥∥∥
2

θ2(n∗−1)K1e
(K2−θK3)(τ− T̄θ ) (3)

where n∗ = max
i∈{1,...,ns}

{ni}.

Remark 2. 1. As it can be seen from (3), θ must be high enough to ensure
the negativity of K2 − θK3.

2. The exact expressions of K1, K2 and K3 appear at the end of the proof,
in (11). Also, those quantities depend on T .

The proof of this theorem relies on the analysis of the dynamics of the
estimation error: ε(τ) = z(τ) − x(τ). In the following, it is divided into two
parts: the preparation for the proof, and the exponential convergence.

Preparation for the proof

Let us first consider the change of variables x̃ = ∆x, z̃ = ∆z and ε̃ = ∆ε.
We also denote b̃(., u) = ∆b(∆−1., u), Dx̃b̃(., u) = ∆Dxb(∆

−1., u)∆−1 and S̃ =
∆−1S∆−1.

Lemma 2. [19]

1. The vector field b̃(x̃, u) has the same Lipschitz constant as b(x, u).

2. The Jacobian Dxb̃(x̃, u) has the same bound as Dxb(x, u).

3. We also have the following relations:
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• ∆A = θA∆, and A∆−1 = θ∆−1A;

• δ(si)
−1

C(si)∆−1 = C(si);

• ∆−1C(si)
′
R

(si)
−1

θ C(si)
′
∆−1 = θC(si)

′
R(si)

−1

C(si).

This change of variables allows us to remove the θ-dependency of the matrices

R
(si)
θ and Qθ. With the help of the relations given in Lemma 2, the observer’s

equations (O1)-(O2) become:





˙̃z(τ) = θA(u)z̃(τ) + b̃(z̃, u)
˙̃S(τ) = −

(
θA(u) +Dx̃b̃(z̃, u)

)′
S̃ − S̃

(
θA(u) +Dx̃b̃(z̃, u)

)
− θS̃QS̃

(Õ1)





z̃
(+)
k = z̃

(−)
k

−θS̃(+)−1

k

∑

i∈σk

C(si)
′
R(si)

−1

C(si)
(
z̃

(−)
k − x̃(τk)

)(
s

(i)

l
(i)
k

− s(i)

l
(i)
k −1

)

S̃
(+)
k = S̃

(−)
k + θ

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s

(i)

l
(i)
k

− s(i)

l
(i)
k −1

)
(Õ2)

In order to proceed with the proof, we want to be able to bound all the
elements of θA(u) +Dx̃b̃(z̃, u), independently from θ. This is true for the lower
bound since θ ≥ 1, but not for the upper bound. This issue is resolved with the
help of a time reparametrization.

Let τ̄ be such that τ̄ = θτ . This leads to a change on the subdivisions {τk}k∈N
and

{
s

(i)
k

}
k∈N

for all i ∈ {1, ..., ns}, as follows: τ̄k = θτk, and s̄
(i)
k = θs

(i)
k for all

k ∈ N. Henceforth, variables z̃, x̃, ε̃, S̃, u are denoted z̄, x̄, ε̄, S̄, ū (respectively)
when expressed in the τ̄ time frame —i.e. z̄(τ̄) = z̃(τ(τ̄)). Also, the notation

z̄
(+)
k bears the same meaning as before, but w.r.t. the subdivisions {τ̄k}k∈N and{
s̄

(i)
k

}
k∈N

.

In this new time scale, the observer is given by the set of equations (Ō1)-
(Ō2):




dz̄(τ̄)

dτ̄
= A(ū)z̄(τ̄) + 1

θ b̃(z̄, ū)

dS̄(τ̄)

dτ̄
= −

(
A(ū) + 1

θDx̃b̃(z̄, ū)
)′
S̄ − S̄

(
A(ū) + 1

θDx̃b̃(z̄, ū)
)
− S̄QS̄

(Ō1)





z̄
(+)
k = z̄

(−)
k − S̄(+)−1

k

∑

i∈σk

C(si)
′
R(si)

−1

C(si)
(
z̄

(−)
k − x̄(τ̄k)

)(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)

S̄
(+)
k = S̄

(−)
k +

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)

(Ō2)
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Exponential convergence

The rest of the proof is based on a Lyapunov function argument, the candidate
function being V (ε̄) = (ε̄′S̄ε̄)(τ̄). Provided that S̄(τ̄) remains s.p.d. then,
V (ε̄) > 0 for all ε̄ 6= 0Rn . In the sequel, after stating a theorem that ensures
the stability of the matrix S̄, we compute the time derivative V (ε̄) in order to
display the exponential convergence of the proposed observer.

Theorem 3.
Let us consider the asynchronous, continuous-discrete, Riccati equation of

observer (Ō1)-(Ō2), that is to say, with A = A(ū) + 1
θDx̃b̃(z̄, ū):





dS̄(τ̄)

dτ̄
= −A′S̄ − S̄A− S̄QS̄

S̄
(+)
k = S̄

(−)
k +

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
(4)

Where (A, C) is a time-dependent observable pair.
We assume that all the elements of the matrices A and C belongs to L∞ ([0, T ] ,R),

and are uniformly bounded w.r.t. the L∞ norm by some positive scalar B > 0.
Moreover, all the elements of C are differentiable at least once and have their
derivatives bounded over time.

Then, S̄(τ̄) is well defined and it is s.p.d. for all times. Moreover, for all
T̄ > 0, there exist constants µi > 0, i ∈ {1, ..., ns}, and 0 < α < β, such that,

for all subdivisions
{
s̄

(i)
k

}
k∈N

with
(
s̄

(i)
k − s̄

(i)
k−1

)
≤ µi, we have:

αId ≤ S̄(τ̄) ≤ βId for all τ̄ ≥ T̄

The constants α and β are independent of θ and the shape of the subdivisions.

Proof. The proof is detailed in Appendix A.

Let us now resume the convergence study with the computation of d
dτ̄ V (ε̄):

dε̄

dτ̄
(τ̄) =

d

dτ̄
(z̄ − x̄)(τ̄) = A(ū)ε̄+

1

θ
(b(z̄, ū)− b(x̄, ū)) (5)

dV

dτ̄
(ε̄) =

d(ε̄′S̄ε̄)

dτ̄
(τ̄)

=
2

θ

(
ε̄′S̄
) (
b̃(z̄, ū)− b̃(x̄, ū)−Dx̃b̃(z̄, ū)ε̄

)
−
(
ε̄′S̄QS̄ε̄

)
(6)

Next, we determine the expression of V
(+)
k —i.e. V (τ̄k) after a prediction step:

ε̄
(+)
k = z̄

(+)
k − x̄(τ̄k)

=

[
Id− S̄(+)−1

k

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)]
ε̄

(−)
k

11



On the other hand, in τ̄k, we have:

V
(+)
k = (ε̄′S̄ε̄)

(+)
k

= ε̄
(−)
k

′ [
S̄

(+)
k − 2M+MS̄

(+)−1

k M
]
ε̄

(−)
k (7)

where

M =
∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
= S̄

(+)
k − S̄(−)

k (8)

In (7), the matrix M is replaced by the right-hand side of (8). Simplifications
lead to:

V
(+)
k = ε̄

(−)
k

′ [
S̄

(−)−1

k S̄
(+)
k S̄

(−)−1

k

]−1

ε̄
(−)
k

Using (O2) again allows us to write:

S̄
(−)−1

k S̄
(+)
k S̄

(−)−1

k = S̄
(−)−1

k

[
S̄

(−)
k +

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)]
S̄

(−)−1

k

= S̄
(−)−1

k + S̄
(−)−1

k

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)

︸ ︷︷ ︸
(?)

S̄
(−)−1

k

Before going any further, let us remind the matrix inversion lemma.

Lemma 4 (Matrix inversion lemma).
Let M be a s.p.d. matrix and R an invertible matrix. then

(M +MC ′R−1CM)−1 = M−1 − C ′(R+ CMC ′)−1C

In order to use this lemma, it is necessary to express the sum of matrices
that appears in expression (?) as a product of matrices. First, let us denote:

Rσk = diag
[{
R(si) : i ∈ σk

}]
and Iσk = diag

[{(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
Id : i ∈ σk

}]

Then the sum in (?) can be expressed using the block matrices:

∑

i∈σk

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
= C ′σkR

−1
σk
IσkCσk

By definition, Iσk is invertible and using3 Lemma 4:

[
S̄

(−)−1

k S̄
(+)
k S̄

(−)−1

k

]−1

=
[
S̄

(−)−1

k + S̄
(−)−1

k C ′σkR
−1
σk
IσkCσk S̄

(−)−1

k

]−1

= S̄
(−)
k − C ′σk

(
RσkI

−1
σk

+ Cσk S̄
(−)−1

k C ′σk

)−1

Cσk

3Note that, matrices Rσk and I−1
σk do commute. Indeed, by definition, each blocks of Rσk

correspond to a block of I−1
σk made of an identity matrix times some constant parameter.
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Therefore, we obtain the following system, for all k ∈ N:




dV

dτ̄
(ε̄) = 2

θ (ε̄′S̄)[b̃(z̄, ū)− b̃(x̄, ū)−Dx̃b̃(z̄, ū)ε̄]− (ε̄′S̄QS̄ε̄) for τ̄ ∈ [τ̄k−1, τ̄k[

V
(+)
k = (ε̄′S̄ε̄)

(−)
k − ε̄(−)

k

′
C ′σk

(
RσkI

−1
σk

+ Cσk S̄
(−)−1

k C ′σk

)−1

Cσk ε̄
(−)
k for τ̄ = τ̄k

Since b̃(., ū) is Lipschitz in its first argument (uniformly w.r.t ū) and Dxb̃(., ū)
is upper bounded:

‖b̃(z̄, ū)− b̃(x̄, ū)−Dx̃b̃(z̄, ū)ε̄‖ ≤ Lb‖z̄ − x̄‖+ Lb‖ε̄‖
= 2Lb‖ε̄‖

Theorem 3 provides bounds for S̄ for times greater than a fixed T̄ > 0, and the
constraints on Q are given in (1), thus leading to:

dV

dτ̄
(ε̄) ≤

(
4

θ

β

α
Lb − αq

)
(ε̄′S̄ε̄)

Since S̄(τ̄) is positive definite, the derivative of V (ε̄) is negative for θ chosen

such that
4

θ

β

α
Lb − αq < 0. Furthemore, we easily show that V

(+)
k ≤ V

(−)
k for

all k ∈ N. Indeed:

V
(+)
k = V

(−)
k − ε̄(−)

k

′
Cσk

′
(
RσkI

−1
σk

+ Cσk S̄
(−)−1

k Cσk
′
)−1

Cσk
︸ ︷︷ ︸

(�)

ε̄
(−)
k

Since S̄(τ̄) and RσkI
−1
σk

are s.p.d. for all times, then the matrix (�) is at least
positive semidefinite and:

V
(+)
k = (ε̄′S̄ε̄)

(+)
k ≤ (ε̄′S̄ε̄)

(−)
k for all k ∈ N (9)

This shows the asymptotic convergence of the observer. Moreover, this conver-
gence is exponential. Indeed, let τ̄?k = min

k∈N

{
τ̄k : τ̄k > T̄

}
, then for τ̄ ∈]T̄, τ̄?k [:

(ε̄′S̄ε̄)(τ̄) = (ε̄′S̄ε̄)(T̄ ) +

(
4

θ

β

α
Lb − αq

)∫ τ̄

T̄

(ε̄′S̄ε̄)(v)dv

≤ (ε̄′S̄ε̄)(T̄ )e(Lb
4
θ
β
α−αq)(τ̄−T̄ ) (10)

where (10) has been obtained by using Grönwall’s lemma.
For τ̄ ∈ [τ̄k, τ̄k+1[, inequality (10) is true with τ̄k replacing T̄ . Then, using rela-
tion (9) we show by iteration that (10) is in fact true for all τ̄ > T̄ , independently

from the subdivions
{
s̄

(i)
k

}
k∈N

and
{
τ̄

(i)
k

}
k∈N

.

Since ε̄(τ̄) = ε̃(τ), then inequality (10) becomes:

‖ε̃(τ)‖2 ≤ β

α

∥∥∥∥ε̃
(
T̄

θ

)∥∥∥∥
2

e(4Lb
β
α−θαq)(τ− T̄θ ) for all τ >

T̄

θ

13



Finally, following the definition of ε(τ) = ∆−1ε̃(τ), since ‖∆−1‖ ≤ θn
∗−1 and

‖∆‖ ≤ 1, we conclude that

‖ε(τ)‖2 ≤ θ2(n∗−1) β

α

∥∥∥∥ε
(
T̄

θ

)∥∥∥∥
2

e(4Lb
β
α−θαq)(τ− T̄θ ) for all τ >

T̄

θ
(11)

5 Illustrative example

Let us consider a boat4 evolving in an area delimited by two beacons (denoted
by A and B). The state of this system is x = (x1, x2, γ)

′ ∈ R3, where as it is
schematised in Figure 1a, (x1, x2)

′ ∈ R2 is the position of the boat w.r.t. the
reference frame attached to A, and γ ∈ R is the orientation of the boat, that
is the angle formed by axes X r1 and X b1 —this latter axis defining a reference
frame attached to the boat.

Both beacons emit a signal that is detected by an onboard rotational position
sensor. This sensor consists of a rotating oriented cavity that guides the signal
to the actual electronic sensor. Therefore, the signal emitted by a given beacon
is detected when the oriented cavity is aligned with the boat-beacon line5. This
mechanism provides a measurement of the angle formed by axis X b1 and the
boat-beacon line. Furthermore, we assume that the signal received from A also
provides the distance between A and the boat.

The dynamics are simply modelled by the following control system:





ẋ1(τ) = v(τ) cos(γ(τ))

ẋ2(τ) = v(τ) sin(γ(τ))

γ̇(τ) = u(τ)

(ΣBoat)

where u(τ) and v(τ) are the controls.

In order to deal with simple equations for the output vector, the system is
rewritten using polar coordinates w.r.t. both A and B —cf. Figure 1b. Let xB
be the abscissa of B in the (X r1 ,X r2 ) reference frame. Then, the angles α1, α2

and distances ρ1, ρ2 are such that:

• x1 = ρ1 cos(α1) and x2 = ρ1 sin(α1);

• x1 = xB + ρ2 cos(α2) and x2 = ρ2 sin(α2).

In those new coordinates, the full dynamics, with output vector y(t), are

4Or a wheeled mobile robot.
5Boat-beacon line: the line that passes through (x1, x2)

′
and the center of the concerned

beacon.
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1<latexit sha1_base64="z0E7Ils0vGj7Kdev+OPCEGNeK3c=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvZc13646dWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnn0GTozyhCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpzq89DImklRTQRaHwpQjHaO8BzRkkhLNp4ZgIpnJisgYS0y0aatsSnCXv7xKOo2669Td20a1eVXUUYITOIVzcOECmnADLWgDgUd4hld4s56sF+vd+liMrlnFzjH8gfX5A4d5k4E=</latexit><latexit sha1_base64="z0E7Ils0vGj7Kdev+OPCEGNeK3c=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvZc13646dWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnn0GTozyhCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpzq89DImklRTQRaHwpQjHaO8BzRkkhLNp4ZgIpnJisgYS0y0aatsSnCXv7xKOo2669Td20a1eVXUUYITOIVzcOECmnADLWgDgUd4hld4s56sF+vd+liMrlnFzjH8gfX5A4d5k4E=</latexit><latexit sha1_base64="z0E7Ils0vGj7Kdev+OPCEGNeK3c=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvZc13646dWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnn0GTozyhCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpzq89DImklRTQRaHwpQjHaO8BzRkkhLNp4ZgIpnJisgYS0y0aatsSnCXv7xKOo2669Td20a1eVXUUYITOIVzcOECmnADLWgDgUd4hld4s56sF+vd+liMrlnFzjH8gfX5A4d5k4E=</latexit><latexit sha1_base64="z0E7Ils0vGj7Kdev+OPCEGNeK3c=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvZc13646dWcOtErcglShQMu3vwbDmKQRFZpwrFTfdRLtZVhqRjidlQepogkmEzyifUMFjqjysnn0GTozyhCFsTRPaDRXf29kOFJqGgVmMs+plr1c/M/rpzq89DImklRTQRaHwpQjHaO8BzRkkhLNp4ZgIpnJisgYS0y0aatsSnCXv7xKOo2669Td20a1eVXUUYITOIVzcOECmnADLWgDgUd4hld4s56sF+vd+liMrlnFzjH8gfX5A4d5k4E=</latexit>

X r
2<latexit sha1_base64="LfVA2yjb5O8ALkD7t5ZG5n8MHH8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejO/cS9rvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4kAk4I=</latexit><latexit sha1_base64="LfVA2yjb5O8ALkD7t5ZG5n8MHH8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejO/cS9rvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4kAk4I=</latexit><latexit sha1_base64="LfVA2yjb5O8ALkD7t5ZG5n8MHH8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejO/cS9rvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4kAk4I=</latexit><latexit sha1_base64="LfVA2yjb5O8ALkD7t5ZG5n8MHH8=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejO/cS9rvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB4kAk4I=</latexit>

X b
1

<latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit>

✓
x1

x2

◆

<latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit><latexit sha1_base64="qrjDJrFI9KGT4mSe+FKhEnpdrkM=">AAACD3icbVBNS8NAEN34WetX1KOXYKt4Kkkveix68VjBfkATwmYzaZduNmF3Iy2h/8CLf8WLB0W8evXmv3HbBtHWBwOP92aYmRekjEpl21/Gyura+sZmaau8vbO7t28eHLZlkgkCLZKwRHQDLIFRDi1FFYNuKgDHAYNOMLye+p17EJIm/E6NU/Bi3Oc0ogQrLfnmWdUNoE95nsZYCTqajHzHdUd+3QUe/ohV36zYNXsGa5k4BamgAk3f/HTDhGQxcEUYlrLn2KnyciwUJQwmZTeTkGIyxH3oacpxDNLLZ/9MrFOthFaUCF1cWTP190SOYynHcaA79YEDuehNxf+8XqaiSy+nPM0UcDJfFGXMUok1DccKqQCi2FgTTATVt1pkgAUmSkdY1iE4iy8vk3a95tg157ZeaVwVcZTQMTpB58hBF6iBblATtRBBD+gJvaBX49F4Nt6M93nrilHMHKE/MD6+AdPenSQ=</latexit>

�2
<latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit><latexit sha1_base64="Mc63xwna9xT5Zq5Zxcld4mATSvE=">AAACBXicbVC7TsMwFHXKq5RXgBGGiBaJoaqcLnSsygBjQfQhJVHkuE5r1XEi20Gqoi4s/AoLAwix8g9s/A1umwFajnSlo3Pute89QcKoVBB+G4W19Y3NreJ2aWd3b//APDzqyjgVmHRwzGLRD5AkjHLSUVQx0k8EQVHASC8YX8383gMRksb8Xk0S4kVoyGlIMVJa8s3Tijt/xLm7bnkZrMKq3WhM3WRE/XrFN8uwBuewVomdkzLI0fbNL3cQ4zQiXGGGpHRsmCgvQ0JRzMi05KaSJAiP0ZA4mnIUEell8wWm1rlWBlYYC11cWXP190SGIiknUaA7I6RGctmbif95TqrChpdRnqSKcLz4KEyZpWJrFok1oIJgxSaaICyo3tXCIyQQVjq4kg7BXj55lXTrNRvW7Nt6udnK4yiCE3AGLoANLkET3IA26AAMHsEzeAVvxpPxYrwbH4vWgpHPHIM/MD5/AG9DlpY=</latexit>

�1
<latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit><latexit sha1_base64="+yFvjLxjyX1JP1Jh8xgJ4c07oNU=">AAACB3icbVDLSsNAFJ34rPUVdSnIYCu4KCUp1Meu1IUuq9gHJCFMppN26OTBzEQooTs3/oobF4q49Rfc+TdO0yy09cCFwzn3ztx7vJhRIQ3jW1taXlldWy9sFDe3tnd29b39jogSjkkbRyziPQ8JwmhI2pJKRnoxJyjwGOl6o6up330gXNAovJfjmDgBGoTUpxhJJbn6UdnOHrHurptOalTOLiu1en0C7XhIXbPs6iWjamSAi8TMSQnkaLn6l92PcBKQUGKGhLBMI5ZOirikmJFJ0U4EiREeoQGxFA1RQISTZitM4IlS+tCPuKpQwkz9PZGiQIhx4KnOAMmhmPem4n+elUj/wklpGCeShHj2kZ8wKCM4DQX2KSdYsrEiCHOqdoV4iDjCUkVXVCGY8ycvkk6tahpV87ZWajTzOArgEByDU2CCc9AAN6AF2gCDR/AMXsGb9qS9aO/ax6x1SctnDsAfaJ8/UFCXAw==</latexit>

(a) Notations (planar representation).

A<latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit><latexit sha1_base64="91iaB/mTg2HGLZRHM/WfNp0/0as=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLVEbS4yCJHAhe8scbNjbu+zumZALP8HGQmNs/UV2/hsXuELBl0zy8t5MZuYFieDauO63U1hb39jcKm6Xdnb39g/Kh0dtHaeKYYvFIladgGoUXGLLcCOwkyikUSDwMRjfzPzHJ1Sax/LBTBL0IzqUPOSMGivdV6+q/XLFrblzkFXi5aQCOZr98ldvELM0QmmYoFp3PTcxfkaV4UzgtNRLNSaUjekQu5ZKGqH2s/mpU3JmlQEJY2VLGjJXf09kNNJ6EgW2M6JmpJe9mfif101NeOlnXCapQckWi8JUEBOT2d9kwBUyIyaWUKa4vZWwEVWUGZtOyYbgLb+8Str1mufWvLt6pXGdx1GEEziFc/DgAhpwC01oAYMhPMMrvDnCeXHenY9Fa8HJZ47hD5zPH0m/jR8=</latexit>

B<latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit><latexit sha1_base64="C3W9CRqUyYKjSR2ZXTJN3/s2c4I=">AAAB6nicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLQk2lhgFSeBC9pY92LC3d9mdMyEXfoKNhcbY+ovs/DcucIWCL5nk5b2ZzMwLEikMuu63U9jY3NreKe6W9vYPDo/KxycdE6ea8TaLZay7ATVcCsXbKFDybqI5jQLJH4PJzdx/fOLaiFg94DThfkRHSoSCUbTSfbVZHZQrbs1dgKwTLycVyNEalL/6w5ilEVfIJDWm57kJ+hnVKJjks1I/NTyhbEJHvGepohE3frY4dUYurDIkYaxtKSQL9fdERiNjplFgOyOKY7PqzcX/vF6K4bWfCZWkyBVbLgpTSTAm87/JUGjOUE4toUwLeythY6opQ5tOyYbgrb68Tjr1mufWvLt6pdHM4yjCGZzDJXhwBQ24hRa0gcEInuEV3hzpvDjvzseyteDkM6fwB87nD0tEjSA=</latexit>

X b
1

<latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit><latexit sha1_base64="r2qVvtnU1l8/i8LiMXxGQ8zu2c4=">AAAB+nicbVC7TsMwFL3hWcorhZHFokViqpIuMFawMBaJPqQ2RI7rtFYdJ7IdUBX6KSwMIMTKl7DxNzhtBmg5kqWjc+7VPT5BwpnSjvNtra1vbG5tl3bKu3v7B4d25aij4lQS2iYxj2UvwIpyJmhbM81pL5EURwGn3WBynfvdByoVi8WdnibUi/BIsJARrI3k25XaIMJ6TDDPejPfvQ9qvl116s4caJW4BalCgZZvfw2GMUkjKjThWKm+6yTay7DUjHA6Kw9SRRNMJnhE+4YKHFHlZfPoM3RmlCEKY2me0Giu/t7IcKTUNArMZJ5TLXu5+J/XT3V46WVMJKmmgiwOhSlHOkZ5D2jIJCWaTw3BRDKTFZExlpho01bZlOAuf3mVdBp116m7t41q86qoowQncArn4MIFNOEGWtAGAo/wDK/wZj1ZL9a79bEYXbOKnWP4A+vzB28pk3E=</latexit>

↵1<latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit><latexit sha1_base64="R4WU9CseId3hjj2LQ/bYGfu2+M4=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGgVcdlCtuzV2ArBMvJxXI0RyUv/rDmKYRk4YK1LrnuYnxM1SGU8FmpX6qWYJ0giPWs1RixLSfLS6ekQurDEkYK1vSkIX6eyLDSOtpFNjOCM1Yr3pz8T+vl5rw2s+4TFLDJF0uClNBTEzm75MhV4waMbUEqeL2VkLHqJAaG1LJhuCtvrxO2vWa59a8+3qlcZPHUYQzOIdL8OAKGnAHTWgBBQnP8ApvjnZenHfnY9lacPKZU/gD5/MHb3yQFg==</latexit>

↵2<latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit><latexit sha1_base64="PrHQai6NUZCtOAyrupx07oB2ZCk=">AAAB8XicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lpjIR4QLmVv2YMPe3mV3z4Rc+Bc2Fhpj67+x89+4wBUKvmSSl/dmMjMvSATXxnW/ncLG5tb2TnG3tLd/cHhUPj5p6zhVlLVoLGLVDVAzwSVrGW4E6yaKYRQI1gkmt3O/88SU5rF8MNOE+RGOJA85RWOlx2ofRTLGQb06KFfcmrsAWSdeTiqQozkof/WHMU0jJg0VqHXPcxPjZ6gMp4LNSv1UswTpBEesZ6nEiGk/W1w8IxdWGZIwVrakIQv190SGkdbTKLCdEZqxXvXm4n9eLzXhtZ9xmaSGSbpcFKaCmJjM3ydDrhg1YmoJUsXtrYSOUSE1NqSSDcFbfXmdtOs1z6159/VK4yaPowhncA6X4MEVNOAOmtACChKe4RXeHO28OO/Ox7K14OQzp/AHzucPcQGQFw==</latexit>

⇢1
<latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit><latexit sha1_base64="XEaeo2MYWou6R2QtKl7FTstYR6g=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0FQHZQrfs1fAK2TICcVyNEclL/6Q0VSQaUlHBvTC/zEhhnWlhFOZ6V+amiCyQSPaM9RiQU1Yba4d4YunDJEsdKupEUL9fdEhoUxUxG5ToHt2Kx6c/E/r5fa+DrMmExSSyVZLopTjqxC8+fRkGlKLJ86golm7lZExlhjYl1EJRdCsPryOmnXa4FfC+7rlcZNHkcRzuAcLiGAK2jAHTShBQQ4PMMrvHmP3ov37n0sWwtePnMKf+B9/gABGI9F</latexit>

⇢2
<latexit sha1_base64="GFwdQ7uU0T/8CVXKSfV9gev0mhQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0G9OihX/Jq/AFonQU4qkKM5KH/1h4qkgkpLODamF/iJDTOsLSOczkr91NAEkwke0Z6jEgtqwmxx7wxdOGWIYqVdSYsW6u+JDAtjpiJynQLbsVn15uJ/Xi+18XWYMZmklkqyXBSnHFmF5s+jIdOUWD51BBPN3K2IjLHGxLqISi6EYPXlddKu1wK/FtzXK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AECnY9G</latexit><latexit sha1_base64="GFwdQ7uU0T/8CVXKSfV9gev0mhQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0G9OihX/Jq/AFonQU4qkKM5KH/1h4qkgkpLODamF/iJDTOsLSOczkr91NAEkwke0Z6jEgtqwmxx7wxdOGWIYqVdSYsW6u+JDAtjpiJynQLbsVn15uJ/Xi+18XWYMZmklkqyXBSnHFmF5s+jIdOUWD51BBPN3K2IjLHGxLqISi6EYPXlddKu1wK/FtzXK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AECnY9G</latexit><latexit sha1_base64="GFwdQ7uU0T/8CVXKSfV9gev0mhQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0G9OihX/Jq/AFonQU4qkKM5KH/1h4qkgkpLODamF/iJDTOsLSOczkr91NAEkwke0Z6jEgtqwmxx7wxdOGWIYqVdSYsW6u+JDAtjpiJynQLbsVn15uJ/Xi+18XWYMZmklkqyXBSnHFmF5s+jIdOUWD51BBPN3K2IjLHGxLqISi6EYPXlddKu1wK/FtzXK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AECnY9G</latexit><latexit sha1_base64="GFwdQ7uU0T/8CVXKSfV9gev0mhQ=">AAAB73icbVDLTgJBEOzFF+IL9ehlIph4Irtc9Ej04hETeSSwIbPDLEyYxzoza0I2/IQXDxrj1d/x5t84wB4UrKSTSlV3uruihDNjff/bK2xsbm3vFHdLe/sHh0fl45O2UakmtEUUV7obYUM5k7RlmeW0m2iKRcRpJ5rczv3OE9WGKflgpwkNBR5JFjOCrZO61b4eq0G9OihX/Jq/AFonQU4qkKM5KH/1h4qkgkpLODamF/iJDTOsLSOczkr91NAEkwke0Z6jEgtqwmxx7wxdOGWIYqVdSYsW6u+JDAtjpiJynQLbsVn15uJ/Xi+18XWYMZmklkqyXBSnHFmF5s+jIdOUWD51BBPN3K2IjLHGxLqISi6EYPXlddKu1wK/FtzXK42bPI4inME5XEIAV9CAO2hCCwhweIZXePMevRfv3ftYtha8fOYU/sD7/AECnY9G</latexit>

(b) Notations (polar representations).

Figure 1

given by




α̇1 = v
ρ1

sin(γ − α1)

ρ̇1 = v cos(γ − α1)

α̇2 = v
ρ2

sin(γ − α2)

ρ̇2 = v cos(γ − α2)

γ̇ = u

and y(t) =



φ1

ρ1

φ2


 =



π + α1 − γ

ρ1

π + α2 − γ


 (12)

With the help of system (12), the original system (ΣBoat) is observable since we
can find a change of coordinates that puts (ΣBoat) under a normal observability
form —i.e. system (13). Actually, the exact position of the boat can be com-
puted from the knowledge of φ2 − φ1 and ρ1. The orientation of the boat can
then be easily deduced. However, without both angle measurements observabil-
ity is lost. Since the rotational position sensor makes the angle measurements
asynchronous, it makes this example appropriate.

The outputs of System (12) are decomposed into two sensors having non-
uniform sampling times: s1 = {1, 2} and s2 = {3} . Indeed, times when the
rotational cavity is aligned with a given beacon depend on the state of the boat.

In order to apply the asynchonous high-gain Kalman filter under discussion,
we put (12) under the normal observability form below by defining z(τ) = y(τ).



ż1

ż2

ż3


 =




v sin(z1)

z2
− u

−v cos(z1)
v sin(z3)

ρ̄(z1, z2, z3)
− u


 (13)

where ρ̄(z1, z2, z3) = z2 cos(z3 − z1) +
√
x2
B − z2

2 sin2(z3 − z1) is the expression
of ρ2 (as a function of φ2−φ1 = z3− z1 and ρ1 = z2) obtained through the law
of cosines.
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We considered the boat trajectory shown in Figure 2a. Here, the boat’s speed
(i.e. v(τ)) is kept constant except for τ ∈ [5, 10] where it is momentarily raised
to a higher constant value. The initial state of system is x(0) = (1, 6, 1) and
the initial state of the observer is directly set in the normal coordinates6. The
Riccati equation’s initial datum is set by solving an algebraic Riccati equation
using the informations available at time t = 0.

The estimated trajectory, compared to the actual boat trajectory is shown
in Figure 3. Figure 3a highlights the increased convergence speed due to a
large high-gain parameter. Let us remark that when the high-gain parameter
equals 1, the displayed observer fails to achieve convergence. Figure 3b shows the
performance of the observer when additive noise is introduced in the output. We
used a gaussian noise7 colored through a first order discrete filter, as illustrated
in Figure 2b. Because of the known sensitivity of high-gain observers with
respect to noise, only the lower value of the high-gain parameter was considered
in the second experiment. This tradeoff between convergence efficiency and
robustness w.r.t. measurement noise could be further investigated with the use
of an adaptive scheme for the high-gain parameter in the spirit of [9, 16, 38].
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<latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit>

x1<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

x2<latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit>

(a) Boat trajectory showing the position at
sampling times.
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y1 = �1
<latexit sha1_base64="jKJA2BnBBGQwLnYrplzUfO4UM/o=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtym0UYI2lhGMB+QnMfeZi9Zsrd37O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnGN/M/M4jU5rH8t5kCfMiMpQ85JQYKz1UMx+jK9RPRtzHVb9ccWvuHGiV4JxUIEfTL3/1BzFNIyYNFUTrHnYT402IMpwKNi31U80SQsdkyHqWShIx7U3mV0/RmVUGKIyVLWnQXP09MSGR1lkU2M6ImJFe9mbif14vNeGlN+EySQ2TdLEoTAUyMZpFgAZcMWpEZgmhittbER0RRaixQZVsCHj55VXSrtewW8N39UrjOo+jCCdwCueA4QIacAtNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz8yVpD/</latexit><latexit sha1_base64="jKJA2BnBBGQwLnYrplzUfO4UM/o=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtym0UYI2lhGMB+QnMfeZi9Zsrd37O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnGN/M/M4jU5rH8t5kCfMiMpQ85JQYKz1UMx+jK9RPRtzHVb9ccWvuHGiV4JxUIEfTL3/1BzFNIyYNFUTrHnYT402IMpwKNi31U80SQsdkyHqWShIx7U3mV0/RmVUGKIyVLWnQXP09MSGR1lkU2M6ImJFe9mbif14vNeGlN+EySQ2TdLEoTAUyMZpFgAZcMWpEZgmhittbER0RRaixQZVsCHj55VXSrtewW8N39UrjOo+jCCdwCueA4QIacAtNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz8yVpD/</latexit><latexit sha1_base64="jKJA2BnBBGQwLnYrplzUfO4UM/o=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtym0UYI2lhGMB+QnMfeZi9Zsrd37O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnGN/M/M4jU5rH8t5kCfMiMpQ85JQYKz1UMx+jK9RPRtzHVb9ccWvuHGiV4JxUIEfTL3/1BzFNIyYNFUTrHnYT402IMpwKNi31U80SQsdkyHqWShIx7U3mV0/RmVUGKIyVLWnQXP09MSGR1lkU2M6ImJFe9mbif14vNeGlN+EySQ2TdLEoTAUyMZpFgAZcMWpEZgmhittbER0RRaixQZVsCHj55VXSrtewW8N39UrjOo+jCCdwCueA4QIacAtNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz8yVpD/</latexit><latexit sha1_base64="jKJA2BnBBGQwLnYrplzUfO4UM/o=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtym0UYI2lhGMB+QnMfeZi9Zsrd37O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0gE18Z1v53C2vrG5lZxu7Szu7d/UD48aus4VZS1aCxi1Q2IZoJL1jLcCNZNFCNRIFgnGN/M/M4jU5rH8t5kCfMiMpQ85JQYKz1UMx+jK9RPRtzHVb9ccWvuHGiV4JxUIEfTL3/1BzFNIyYNFUTrHnYT402IMpwKNi31U80SQsdkyHqWShIx7U3mV0/RmVUGKIyVLWnQXP09MSGR1lkU2M6ImJFe9mbif14vNeGlN+EySQ2TdLEoTAUyMZpFgAZcMWpEZgmhittbER0RRaixQZVsCHj55VXSrtewW8N39UrjOo+jCCdwCueA4QIacAtNaAEFBc/wCm/Ok/PivDsfi9aCk88cwx84nz8yVpD/</latexit>

y2 = ⇢1
<latexit sha1_base64="jFDP7DJ+lDoLAmzroFTduEdR2Xw=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UYI2lhGMB+QnMfeZi9Zsrd77O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E45uZ33mkSjMp7k2WUD/GQ8EiRrCx0kM1C+roCvXVSAZeNShX3Jo7B1olXk4qkKMZlL/6A0nSmApDONa657mJ8SdYGUY4nZb6qaYJJmM8pD1LBY6p9ifzq6fozCoDFEllSxg0V39PTHCsdRaHtjPGZqSXvZn4n9dLTXTpT5hIUkMFWSyKUo6MRLMI0IApSgzPLMFEMXsrIiOsMDE2qJINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AICCp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQCCRCA==</latexit><latexit sha1_base64="jFDP7DJ+lDoLAmzroFTduEdR2Xw=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UYI2lhGMB+QnMfeZi9Zsrd77O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E45uZ33mkSjMp7k2WUD/GQ8EiRrCx0kM1C+roCvXVSAZeNShX3Jo7B1olXk4qkKMZlL/6A0nSmApDONa657mJ8SdYGUY4nZb6qaYJJmM8pD1LBY6p9ifzq6fozCoDFEllSxg0V39PTHCsdRaHtjPGZqSXvZn4n9dLTXTpT5hIUkMFWSyKUo6MRLMI0IApSgzPLMFEMXsrIiOsMDE2qJINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AICCp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQCCRCA==</latexit><latexit sha1_base64="jFDP7DJ+lDoLAmzroFTduEdR2Xw=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UYI2lhGMB+QnMfeZi9Zsrd77O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E45uZ33mkSjMp7k2WUD/GQ8EiRrCx0kM1C+roCvXVSAZeNShX3Jo7B1olXk4qkKMZlL/6A0nSmApDONa657mJ8SdYGUY4nZb6qaYJJmM8pD1LBY6p9ifzq6fozCoDFEllSxg0V39PTHCsdRaHtjPGZqSXvZn4n9dLTXTpT5hIUkMFWSyKUo6MRLMI0IApSgzPLMFEMXsrIiOsMDE2qJINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AICCp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQCCRCA==</latexit><latexit sha1_base64="jFDP7DJ+lDoLAmzroFTduEdR2Xw=">AAAB9XicbVA9SwNBEJ2LXzF+RS1tFhPBKtyl0UYI2lhGMB+QnMfeZi9Zsrd77O4pR8j/sLFQxNb/Yue/cZNcoYkPBh7vzTAzL0w408Z1v53C2vrG5lZxu7Szu7d/UD48amuZKkJbRHKpuiHWlDNBW4YZTruJojgOOe2E45uZ33mkSjMp7k2WUD/GQ8EiRrCx0kM1C+roCvXVSAZeNShX3Jo7B1olXk4qkKMZlL/6A0nSmApDONa657mJ8SdYGUY4nZb6qaYJJmM8pD1LBY6p9ifzq6fozCoDFEllSxg0V39PTHCsdRaHtjPGZqSXvZn4n9dLTXTpT5hIUkMFWSyKUo6MRLMI0IApSgzPLMFEMXsrIiOsMDE2qJINwVt+eZW06zXPrXl39UrjOo+jCCdwCufgwQU04Baa0AICCp7hFd6cJ+fFeXc+Fq0FJ585hj9wPn8AQCCRCA==</latexit>

y3 = �2
<latexit sha1_base64="3a/tPBnG1U5LOAI1mG17qc2eONg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCp5K0B70IRS8eK9gPaGPYbDft0s0m7G6UEPo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKa+sbm1vF7dLO7t7+QfnwqKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3Iz87uPVCoWiXudxtQN8UiwgBGsjfRQTb0GukKDeMy8etUrV+yaPQdaJU5OKpCj5ZW/BsOIJCEVmnCsVN+xY+1mWGpGOJ2WBomiMSYTPKJ9QwUOqXKz+dVTdGaUIQoiaUpoNFd/T2Q4VCoNfdMZYj1Wy95M/M/rJzq4dDMm4kRTQRaLgoQjHaFZBGjIJCWap4ZgIpm5FZExlphoE1TJhOAsv7xKOvWaY9ecu3qleZ3HUYQTOIVzcOACmnALLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/NveRAg==</latexit><latexit sha1_base64="3a/tPBnG1U5LOAI1mG17qc2eONg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCp5K0B70IRS8eK9gPaGPYbDft0s0m7G6UEPo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKa+sbm1vF7dLO7t7+QfnwqKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3Iz87uPVCoWiXudxtQN8UiwgBGsjfRQTb0GukKDeMy8etUrV+yaPQdaJU5OKpCj5ZW/BsOIJCEVmnCsVN+xY+1mWGpGOJ2WBomiMSYTPKJ9QwUOqXKz+dVTdGaUIQoiaUpoNFd/T2Q4VCoNfdMZYj1Wy95M/M/rJzq4dDMm4kRTQRaLgoQjHaFZBGjIJCWap4ZgIpm5FZExlphoE1TJhOAsv7xKOvWaY9ecu3qleZ3HUYQTOIVzcOACmnALLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/NveRAg==</latexit><latexit sha1_base64="3a/tPBnG1U5LOAI1mG17qc2eONg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCp5K0B70IRS8eK9gPaGPYbDft0s0m7G6UEPo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKa+sbm1vF7dLO7t7+QfnwqKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3Iz87uPVCoWiXudxtQN8UiwgBGsjfRQTb0GukKDeMy8etUrV+yaPQdaJU5OKpCj5ZW/BsOIJCEVmnCsVN+xY+1mWGpGOJ2WBomiMSYTPKJ9QwUOqXKz+dVTdGaUIQoiaUpoNFd/T2Q4VCoNfdMZYj1Wy95M/M/rJzq4dDMm4kRTQRaLgoQjHaFZBGjIJCWap4ZgIpm5FZExlphoE1TJhOAsv7xKOvWaY9ecu3qleZ3HUYQTOIVzcOACmnALLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/NveRAg==</latexit><latexit sha1_base64="3a/tPBnG1U5LOAI1mG17qc2eONg=">AAAB9XicbVBNS8NAEJ3Ur1q/qh69LLaCp5K0B70IRS8eK9gPaGPYbDft0s0m7G6UEPo/vHhQxKv/xZv/xm2bg7Y+GHi8N8PMPD/mTGnb/rYKa+sbm1vF7dLO7t7+QfnwqKOiRBLaJhGPZM/HinImaFszzWkvlhSHPqddf3Iz87uPVCoWiXudxtQN8UiwgBGsjfRQTb0GukKDeMy8etUrV+yaPQdaJU5OKpCj5ZW/BsOIJCEVmnCsVN+xY+1mWGpGOJ2WBomiMSYTPKJ9QwUOqXKz+dVTdGaUIQoiaUpoNFd/T2Q4VCoNfdMZYj1Wy95M/M/rJzq4dDMm4kRTQRaLgoQjHaFZBGjIJCWap4ZgIpm5FZExlphoE1TJhOAsv7xKOvWaY9ecu3qleZ3HUYQTOIVzcOACmnALLWgDAQnP8Apv1pP1Yr1bH4vWgpXPHMMfWJ8/NveRAg==</latexit>

(b) System’s output signal with additive noise.
The markers highlight sampling times.

Figure 2: Informations relative to the first (resp. second) beacon appear in red
(resp. blue)

6As a consequence, the initial guess lacks consistency w.r.t. the problem’s physics which
makes the task harder for the observer.

7Having its standard deviation equals to 0.1 for the angle measurements, and 1 for the
distance measurements.
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position

<latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit>

initial
guess

<latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit>

x1<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>

x2<latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit><latexit sha1_base64="evQ3SGGzmXSVg57JvANbTSIQn8U=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrcssGFv77I7ZyQXfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLEykMuu63U9jY3NreKe6W9vYPDo/KxyctE6eacZ/FMtadkBouheI+CpS8k2hOo1Dydji5nfvtR66NiNUDThMeRHSkxFAwilbyq0/9erVfrrg1dwGyTrycVCBHs1/+6g1ilkZcIZPUmK7nJhhkVKNgks9KvdTwhLIJHfGupYpG3ATZ4tgZubDKgAxjbUshWai/JzIaGTONQtsZURybVW8u/ud1UxxeB5lQSYpcseWiYSoJxmT+ORkIzRnKqSWUaWFvJWxMNWVo8ynZELzVl9dJq17z3Jp3X680bvI4inAG53AJHlxBA+6gCT4wEPAMr/DmKOfFeXc+lq0FJ585hT9wPn8AxR+N+w==</latexit>

(a) Trajectory estimation without measure-
ment noise.
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Actual  trajectory
Estimated trajectory with high-gain set to 3

starting
position

<latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit><latexit sha1_base64="rxuh6KZRHvawjateyXxv8cLxWJM=">AAACBnicbVDLSsNAFL2prxpfVZciBIvgqiTd6LLoxmUF+4AmlMlk0g6dzISZiVBCV278FTcuFHHrN7jzb5y0WWjrgYHDOfcx94Qpo0q77rdVWVvf2Nyqbts7u3v7B7XDo64SmcSkgwUTsh8iRRjlpKOpZqSfSoKSkJFeOLkp/N4DkYoKfq+nKQkSNOI0phhpIw1rpz4XlEeEa0dpJDXlI9+3U6Howq+7DXcOZ5V4JalDifaw9uVHAmeJmYcZUmrguakO8mIwZmRm+5kiKcITNCIDQzlKiAry+Rkz59wokRMLaZ75z1z93ZGjRKlpEprKBOmxWvYK8T9vkOn4KsgpTzNNOF4sijPmaOEUmTgRlQRrNjUEYWkuxw4eI4mwNsnZJgRv+eRV0m02PLfh3TXrresyjiqcwBlcgAeX0IJbaEMHMDzCM7zCm/VkvVjv1seitGKVPcfwB9bnD8H/mUk=</latexit>

initial
guess

<latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit><latexit sha1_base64="9XV13V00uTsu42cz5y2XI0v5F/4=">AAACAnicbVDLSsNAFJ3UV42vqCtxEyyCq5J0o8uiG5cV7AOaUCaTm3boZCbMTIQSiht/xY0LRdz6Fe78G6dtFtp64MLhnHtn7j1RxqjSnvdtVdbWNza3qtv2zu7e/oFzeNRRIpcE2kQwIXsRVsAoh7ammkEvk4DTiEE3Gt/M/O4DSEUFv9eTDMIUDzlNKMHaSAPnJOCC8hi4dimnmmIWBPYwB6UGTs2re3O4q8QvSQ2VaA2cryAWJE/NW4Rhpfq+l+mwwFJTwmBqB7mCDJMxHkLfUI5TUGExP2HqnhsldhMhTZld5urviQKnSk3SyHSmWI/UsjcT//P6uU6uwoLyLNfAyeKjJGeuFu4sDzemEohmE0MwkSYB4pIRlphok5ptQvCXT14lnUbd9+r+XaPWvC7jqKJTdIYukI8uURPdohZqI4Ie0TN6RW/Wk/VivVsfi9aKVc4coz+wPn8AQmuXUQ==</latexit>

x1<latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit><latexit sha1_base64="3wnn1HLNdhsF0otyIlS/YK6DCbs=">AAAB7HicbVA9TwJBEJ3DL8Qv1NJmI5hYkTsaLYk2lph4QAIXsrfswYa9vcvunJEQfoONhcbY+oPs/DcucIWCL5nk5b2ZzMwLUykMuu63U9jY3NreKe6W9vYPDo/Kxyctk2SacZ8lMtGdkBouheI+CpS8k2pO41Dydji+nfvtR66NSNQDTlIexHSoRCQYRSv51ae+V+2XK27NXYCsEy8nFcjR7Je/eoOEZTFXyCQ1puu5KQZTqlEwyWelXmZ4StmYDnnXUkVjboLp4tgZubDKgESJtqWQLNTfE1MaGzOJQ9sZUxyZVW8u/ud1M4yug6lQaYZcseWiKJMEEzL/nAyE5gzlxBLKtLC3EjaimjK0+ZRsCN7qy+ukVa95bs27r1caN3kcRTiDc7gED66gAXfQBB8YCHiGV3hzlPPivDsfy9aCk8+cwh84nz/Dmo36</latexit>
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(b) Trajectory estimation with additive noise
on the measurement —cf. Figure 2b.

Figure 3

6 Conclusion

In this paper, a high-gain extended Kalman filter for nonlinear continuous-
discrete systems with multirate sampled outputs has been presented and its
global asymptotical convergence, proved. The proposed design consists of two
steps: (i) an open loop prediction when no measurements are available, and (ii)
an impulsive correction as soon as new measurements are available. To this end,
each correction step involves a weighted sum of the output errors calculated on
the basis of the measurements available at this sample time. In order to better
handle possible cross-correlations between measurements always available at the
same time, sensors are defined as subsets of the output vector. Moreover, the
Riccati matrix of the observer is shown to be bounded from above and below
provided that (Σc), the underlying continuous system, is observable and for
small enough sampling intervals.

Some improvements are left for the future. First of all, as it is illustrated in
the example, the well known sensitivity of the high-gain design to measurement
noise could be addressed with the help of an adaptive scheme in the spirit of
[9, 16]. An approach taking into account several high-gain parameters instead
of one only (i.e. one parameter per virtual sensor) in the spirit of [38] is another
possible extension to the present work. The present study can also be conducted
in the framework of hybrid systems, cf. [20], as is it done for synchronous hybrid
systems in [32].

Finally, the presence of redundant sensors can lead to an improved version of
the proposed design. Indeed, the maximum step size condition on the time sub-
division of a given sensor could be relaxed provided there is an active redundant
sensor —for example in submarine robotics the vehicle’s speed available from a
surface GPS is lost when the robot dives but can be obtained again (computed
with respect to the ground) via a Doppler velocity log.
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A Bounds for the solution of the Riccati equa-
tion

This section is dedicated to the proof of Theorem 3. It follows the structure of
[7] where a similar result is proved for synchronous continuous-discrete systems.
Although the present proof shares the same structure, differences specific to
the asynchronous setting make this exposure necessary. However, only proofs
having notable differences are detailed.

The complete argument of Theorem 3 is divided into two parts.

• In a first part, for a given T ? > 0, we prove the existence of an upper
bound for times greater than T ?. Here, the argument mainly relies on the
regularity of S̄, and the bound depends on the maximum step size of the

subdivision, {τ̄k}k∈N regardless of the underlying subdivisions
{
s̄

(i)
k

}
k∈N

.

• In a second time, we prove the existence of a lower bound for times greater
than T? > T ?. In this second part, the result relies on the observability of
the underlying continuous system (Σc), and requires small enough maxi-

mum time steps for each subdivision
{
s̄

(i)
k

}
k∈N

.

The quantity T̄ that appears in Theorem 3 is simply T̄ = T?.

In the following, we assume the existence of a positive definite solution S̄(τ̄)
on a small interval of time, which is ensured by the Sylvester criterion. We later
on show that this interval of time is actually R+.

A.1 Upper bound

In order to prove that S̄
(+)
k is upper bounded for times greater than T ?, we

should remember that if S̄ is a symmetric positive semidefinite matrix, then we
have S̄ ≤ Tr(S̄)Id.

Lemma 5. [7].

Let S̄ : [0, T [→ Sn be a solution to dS̄
dτ̄ = −A′ S̄ − S̄A − S̄QS̄, then for almost

all τ̄ ∈ [0, T [:

d

dτ̄
Tr(S̄) ≤ −a(Tr(S̄(τ̄)))2+2bTr(S̄(τ̄)) where





a = λmin(Q)
n

b = supτ̄ Tr
(
A′(τ̄)A(τ̄)

) 1
2

Lemma 6. [7].
Let a, b be two positive constants. Let x : [0, T [→ R+ (possibly T = +∞)

be an absolutely continuous function satisfying for almost all 0 < τ < T the
inequality:

ẋ(τ) ≤ −ax2(τ) + 2bx(τ)

The roots of −aX2 + 2bX are 2b
a and 0. The solution x(τ) is such that:
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x(τ) ≤ max
{
x(0), 2b

a

}
for all τ ∈ [0, T [

In addition if x(0) > 2b
a then for all τ > 0 ∈ [0, T [ we have the two inequalities:

x(τ) ≤ 2b

a
+

2b

a

1

e2bτ − 1
(14)

x(τ) ≤ 2bx0e
2bτ

ax0 (e2bτ − 1) + 2b
(15)

Let us denote r = sup
i,k

(
Tr
(
C(si)

′
R(si)

−1

C(si)
))

. According to equation (4)

and to the previous lemmas, upper bounding S̄ turns into proving that x
(+)
k ,

solution of 



dx
dτ = −ax2 + 2bx

x
(+)
k = x

(−)
k + r

∑

i∈σk

(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
k −1

)
(16)

is bounded for all τ̄k > T ?, k ∈ N, independently from the chosen subdivisions.
It leads us to Lemma 7.

Lemma 7.
The solution of (16) is such that:

x(τ̄) ≤ 2b

a
+

2b

a

1

e2bτ̄ − 1
+ ns rτ̄

for any τ̄ > 0, before or after a discrete step.

Proof. Bound (14) gives:

x
(+)
1 ≤ 2b

a
+

2b

a

1

e2bτ̄1 − 1
+ r

∑

i∈σ1

(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
1 −1

)

We denote χk = r

k∑

j=1

∑

i∈σk

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
and the previous inequality trivially

becomes

x
(+)
1 ≤ 2b

a
+

2b

a

1

e2bτ̄1 − 1
+ χ1 (17)

We remark that (17) leads to the inequality below:

x
(+)
1 ≤ 2b

a
+

2b

a

1

e2bτ̄1 − 1
+ ns r τ̄1 (18)

Let us now generalise this last inequality for all k ∈ N. However, in order to do
so, it is necessary to manipulate inequalities shaped as (17) instead of (18). Let
us now rewrite bound (15) as follows:

x
(−)
2 ≤ 2b

a
+

2b

a

x
(+)
1 − 2b

a

x
(+)
1

(
e2b(τ̄2−τ̄1) − 1

)
+ 2b

a

=
2bx

(+)
1 e2b(τ̄2−τ̄1)

ax
(
e2b(τ̄2−τ̄1) − 1

)
+ 2b

(19)
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We want to replace x
(+)
1 by the upper bound found in (17).

Let us define the function

h(x) =
2bxe2bτ̄

ax (e2bτ̄ − 1) + 2b

whose derivative w.r.t. x is

h
′
(x) =

e2bτ̄2b
[
ax(e2bτ̄ − 1) + 2b

]
− a(e2bτ̄ − 1)xe2bτ̄2b

[ax(e2bτ̄ − 1) + 2b]
2

=
e2bτ̄ (2b)2

[ax(e2bτ̄ − 1) + 2b]
2

Since the derivative is positive for all τ̄ > 0, we can replace x
(+)
1 by its upper

bound in (19):

x
(−)
2 ≤ 2b

a
+

2b

a

[ 2b
a + 2b

a
1

e2bτ̄1−1
+ χ1]− 2b

a

[ 2b
a + 2b

a
1

e2bτ̄1−1
+ χ1](e2b(τ̄2−τ̄1) − 1) + 2b

a

≤ 2b

a
+

2b

a

2b

a

1

e2bτ̄1 − 1

1

[ 2b
a + 2b

a
1

e2bτ̄1−1
+ χ1](e2b(τ̄2−τ̄1) − 1) + 2b

a

+
2b

a

χ1[
2b
a + 2b

a
1

e2bτ̄1−1
+ χ1

]
(e2b(τ̄2−τ̄1) − 1) + 2b

a

We lower bound the denominator of the last term with:

[
2b

a
+

2b

a

1

e2bτ̄1 − 1
+ χ1](e2b(τ̄2−τ̄1) − 1) +

2b

a
≥ 2b

a

and the denominator of the second term with:

[
2b

a
+

2b

a

1

e2bτ̄1 − 1
+χ1](e2b(τ̄2−τ̄1)−1)+

2b

a
≥ [

2b

a
+

2b

a

1

e2bτ̄1 − 1
](e2b(τ̄2−τ̄1)−1)+

2b

a

We also simplify (2b/a) in those two terms:

x
(−)
2 ≤ 2b

a
+

2b

a

1

e2bτ̄1 − 1

1

([1 + 1
e2bτ̄1−1

](e2b(τ̄2−τ̄1) − 1) + 1)
+ χ1

≤ 2b

a
+

2b

a

1

e2bτ̄2 − e2bτ̄1 + e2bτ̄1 − 1
+ χ1

Thus we have:

x
(+)
2 ≤ 2b

a
+

2b

a

1

e2bτ̄2 − 1
+ χ1 + r

∑

i∈σ2

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

)

≤ 2b

a
+

2b

a

1

e2bτ̄2 − 1
+ χ2

with χ2 = r

(∑

i∈σ1

(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
1 −1

)
+
∑

i∈σ2

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

))
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Let us notice that for i ∈ σ1, s̄
(i)

l
(i)
1

= τ̄1, for i ∈ σ2, s̄
(i)

l
(i)
2

= τ̄2 —and so on

and so forth for all i ∈ σk, k ∈ N, s̄(i)

l
(i)
k

= τ̄k. At time τ̄2, for a given sensor si, i

belongs to one of the four following subsets:

1. σ1 ∩ σ2

2. σ1 \ σ2

3. σ2 \ σ1

4. {1, ..., ns} \ σ1 \ σ2

We consider first the case i ∈ σ1 ∩ σ2, then:

• let λ
(i)
2 be defined as λ

(i)
2 = max{l ∈ N such that s

(i)
l ≤ τ2}, thus λ

(i)
2 = 2;

• recall that indices l
(i)
k are such that

σk =

{
i ∈ {1, ..., ns}|∃ l(i)k ∈ N such that s

(i)

l
(i)
k

= τk

}

then, s̄
(i)

l
(i)
2

= s̄
(i)
2 = τ̄2, s̄

(i)

l
(i)
2 −1

= s̄
(i)

l
(i)
1

= s̄
(i)
1 = τ̄1 and s̄

(i)

l
(i)
1 −1

= s̄
(i)

l
(i)
0

= τ̄0 =

0

• The contribution of sensor si to χ2 is of the form:

r

[(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
1 −1

)
+

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

)]
= r

λ
(i)
2∑

j=1

(
s̄

(i)
j − s̄

(i)
j−1

)

In the same way, and dealing with an i ∈ σ2 \ σ1, we find:

• λ(i)
2 = 1, s̄

(i)

l
(i)
2

= s̄
(i)
1 = τ̄2, and s̄

(i)

l
(i)
2 −1

= s̄
(i)
0 = 0;

• In this case, the contribution of sensor si to χ2 is of the form:

r

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

)
= r

λ
(i)
2∑

j=1

(
s̄

(i)
j − s̄

(i)
j−1

)

By proceeding this way for all the other cases, we find that the contribution of
sensor si to χ2 is always of the form:

λ
(i)
2∑

j=1

(
s̄

(i)
j − s̄

(i)
j−1

)
(20)
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and χ2 can be written as χ2 = r

ns∑

i=1

λ
(i)
2∑

j=1

(
s̄

(i)
j − s̄

(i)
j−1

)
≤ rnsτ̄2. Therefore,

x
(+)
2 ≤ 2b

a
+

2b

a

1

e2bτ̄2 − 1
+ r

ns∑

i=1

λ
(i)
2∑

j=1

(
s̄

(i)
j − s̄

(i)
j−1

)
(21)

≤ 2b

a
+

2b

a

1

e2bτ̄2 − 1
+ rnsτ̄2

We can generalise by induction (20) and (21) to any k ∈ N \ {0}. To do so,

we define λ
(i)
k = max{l ∈ N such that s

(i)
l ≤ τk} and, when λ

(i)
k = 0, we use the

convention

λ
(i)
k∑

j=1

(s̄
(i)
j − s̄

(i)
j−1) = 0. This yields

χk = r

k∑

j=1

∑

i∈σk

(
s̄

(i)

l
(i)
k

− s̄(i)

l
(i)
k −1

)
= r

ns∑

i=1

λ
(i)
k∑

j=1

(s̄
(i)
j − s̄

(i)
j−1) ≤ rnsτ̄k (22)

and x
(+)
k ≤ 2b

a
+

2b

a

1

e2bτ̄i − 1
+ r ns τ̄k.

Moreover, we can generalise this inequality to any τ̄ > 0, before and after
an update.

x(τ̄) ≤ 2b

a
+

2b

a

1

e2bτ̄ − 1
+ r ns τ̄

Lemma 8. [7]
Let us define the functions

φ(τ̄) =
2b

a
+

2b

a

1

e2bτ̄ − 1
+ ns rτ̄

ψx0(τ̄) =
2bx0e

2bτ̄

ax0 (e2bτ̄ − 1) + 2b
+ ns rτ̄

There exists µφ > 0, and µψ(x0) > 0 such that φ(τ̄), respectively ψx0
(τ̄), is a

decreasing function for τ̄ ∈]0, µφ], respectively for τ̄ ∈ [0, µψ(x0)].
Moreover the bound µψ(x0) increases as x0 becomes large.

Lemma 9. [7]
Consider the Riccati equation (4) and the assumptions of Theorem 3. Let

T ? > 0 be fixed. There exist two scalars β2 > 0 and µ > 0 such that

S̄
(+)
k ≤ β2Id

for all T ? ≤ τ̄k, k ∈ N, for all subdivisions
{
s̄

(i)
k

}
k∈N

, {τ̄k}k∈N such that τ̄k −
τ̄k−1 < µ. This bound is also valid during prediction intervals.
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A.2 Lower bound

We now prove that S̄(τ̄) is also lower bounded for times greater than a fixed
T? > T ?.

Lemma 10. [7, 19]
Let S̄ : [0, T [→ Sm (possibly with T = +∞) be a solution of

dS̄

dτ̄
= −A′(τ̄)S̄ − S̄A(τ̄)− S̄QS̄

then, for any λ ∈ R∗, for all τ̄ ∈ [0, T [:

S̄(τ̄) = e−λτ̄ϕa(τ̄, 0)S̄0ϕ
′

a(τ̄, 0)

+λ

∫ τ̄

0

e−λ(τ̄−v)ϕa(τ̄, v)

(
S̄(v)− S̄(v)QS̄(v)

λ

)
ϕ
′

a(τ̄, v)dv

(23)

where ϕa(τ̄, s) is such that:

{
dϕa(τ̄, s)

dτ̄
= −A′(τ̄)ϕa(τ̄, s)

ϕa(s, s) = Id

Lemma 11. [7, 19]
Let S̄ : [0; e(S̄)[→ Sm be a maximal positive semi definite solution of

d

dτ̄
S̄ = −A′ S̄ − S̄A− S̄QS̄

If S̄(0) = S̄0 is positive definite then

e(S̄) = +∞ and S̄(τ̄) is positive definite for all τ̄ ≥ 0.

Remark 3. As a consequence, the solution to the asynchronous continuous
discrete Riccati equation (4) is positive definite for all time, and Lemma 9 is
also valid for all times. In the rest of the present section, we show the existence
a lower bound of the form αId, for some positive scalar α.

Following Lemma 10, and for a fixed λ > 0, S̄
(+)
1 is written:

S̄
(+)
1 = e−λτ̄1ϕa(τ̄1, 0)S̄0ϕ

′

a(τ̄1, 0)

+λ

∫ τ̄1

0

e−λ(τ̄1−v)ϕa(τ̄1, v)

(
S̄(v)− S̄(v)QS̄(v)

λ

)
ϕ
′

a(τ̄1, v)dv

+
∑

i∈σ1

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
1 −1

)
(24)

At time τ̄2, the formula yields:

S̄
(+)
2 = e−λ(τ̄2−τ̄1)ϕa(τ̄2, τ̄1)S̄

(+)
1 ϕ

′

a(τ̄2, τ̄1)

+λ

∫ τ̄2

τ̄1

e−λ(τ̄2−v)ϕa(τ̄2, v)

(
S̄(v)− S̄(v)QS̄(v)

λ

)
ϕ
′

a(τ̄2, v)dv

+
∑

i∈σ2

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

)
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Replacing S̄
(+)
1 by the expression obtained in (24) leads to:

S̄
(+)
2 = e−λτ̄2ϕa(τ̄2, 0)S̄0ϕ

′

a(τ̄2, 0)

+λ

∫ τ̄2

0

e−λ(τ̄2−v)ϕa(τ̄2, v)

(
S̄(v)− S̄(v)QS̄(v)

λ

)
ϕ
′

a(τ̄2, v)dv

+e−λ(τ̄2−τ̄1)ϕa(τ̄2, τ̄1)
∑

i∈σ1

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
1

− s̄(i)

l
(i)
1 −1

)
ϕ
′

a(τ̄2, τ̄1)

+
∑

i∈σ2

C(si)
′
R(si)

−1

C(si)

(
s̄

(i)

l
(i)
2

− s̄(i)

l
(i)
2 −1

)

We iterate this procedure in order to compute Sk(+) for any k:

S̄
(+)
k = e−λτ̄kϕa(τ̄k, 0)S̄0ϕ

′

a(τ̄k, 0)

+λ

∫ τ̄k

0

e−λ(τ̄k−v)ϕa(τ̄k, v)

(
S̄(v)− S̄(v)QS̄(v)

λ

)
ϕ
′

a(τ̄k, v)dv (25)

+

k∑

j=1

∑

i∈σj

e−λ(τ̄k−τ̄j)ϕa(τ̄k, τ̄j)C
(si)
′
R(si)

−1

C(si)ϕ
′

a(τ̄k, τ̄j)

(
s̄

(i)

l
(i)
j

− s̄(i)

l
(i)
j −1

)

This last equation is of the form Sk(+) = (I) + (II) + (III), in this order.

(I) Since S̄0 is positive definite, (I) is at least positive semi-definite.

(II) Let us pick λ > βq̄, then
(
S̄(v)− S̄(v)QS̄(v)

λ

)
is positive definite, and (II)

is at least positive semi-definite.

We now concentrate our efforts on (III) since it is the quantity that is actually
bounded from below for all τ̄ > T̄ ?.

Let us define8:

1. the time 0 < ρ < τ̄k such that τ̄k − ρ = T?;

2. the index λ
(i)
ρ as λ

(i)
ρ = max{l ∈ N : s̄

(i)
l ≤ ρ} which always exists as soon

as τ̄k > T?.

Then, we use relation (22) that appears in the proof of lemma 7 to rewrite (III)
as

(III) =

ns∑

i=1

λ
(i)
k∑

j=1

e
−λ

(
τ̄k−s̄(i)j

)
ϕa

(
τ̄k, s̄

(i)
j

)
C(si)

′
R(si)

−1

C(si)ϕ
′

a

(
τ̄k, s̄

(i)
j

)(
s̄

(i)
j − s̄

(i)
j−1

)

8ρ is defined w.r.t. k —since we need our relations to remain valid for any τ̄k large
enough— and should be understood as ρk. This latter notation is however not used for
readability reasons.
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Since all the terms of the sum (III) are symmetric positive semidefinite matri-
ces:

(III) ≥
ns∑

i=1

λ
(i)
k∑

j=λ
(i)
ρ +1

e
−λ

(
τ̄k−s̄(i)j

)
ϕa

(
τ̄k, s̄

(i)
j

)
C(si)

′
R(si)

−1

C(si)ϕ
′

a

(
τ̄k, s̄

(i)
j

)(
s̄

(i)
j − s̄

(i)
j−1

)

From the properties of the resolvent ϕa, the above inequality can be rewritten,
with ā(τ̄) = a(τ̄ + ρ):

(III) ≥
ns∑

i=1

λ
(i)
k∑

j=λ
(i)
ρ +1

e
−λ

(
τ̄k−s̄(i)j

)
ϕā

(
τ̄k − ρ, s̄(i)

j − ρ
)
C(si)

′
R(si)

−1

C(si)ϕ
′

ā

(
τ̄k − ρ, s̄(i)

j − ρ
)(

s̄
(i)
j − s̄

(i)
j−1

)

If we denote by µi the maximum time step of a subdivision
{
sik
}
k∈N, we notice

that e
−λ

(
τ̄k−s̄(i)j

)
≥ e−λ(T?+µi). Since R̄

−1
σk

is defined in a compact subset,
therefore, we need to find a lower bound for the following expression:

ns∑

i=1

λ
(i)
k∑

j=γ
(i)
k +1

ϕā

(
τ̄k − s̄(i)

γ
(i)
k

, s̄
(i)
j − s

(i)

γ
(i)
k

)
C(si)

′
C(si)ϕ

′

ā

(
τ̄k − s̄(i)

γ
(i)
k

, s̄
(i)
j − s̄

(i)

γ
(i)
k

)(
s̄

(i)
j − s̄

(i)
j−1

)

Let us first redefine the subdivisions as follows:

• we denote ŝ
(i)
j = s̄

(i)

j+λ
(i)
ρ

− ρ, with ŝ
(i)
0 = 0 for all i ∈ {1, ..., ns};

• each new subdivision {ŝ(i)
j } has k

(i)
∗ + 1 elements, with k

(i)
∗ = λ

(i)
k − λ

(i)
ρ .

Hence, ŝ
(i)

k
(i)
∗

= s̄
(i)

λ
(i)
k

− ρ for all i ∈ {1, ..., ns};

• we denote the subdivision {τ̂j} by {τ̂j} =
⋃
i

{
ŝ

(i)
j

}
, where elements be-

longing to several subdivisions are considered only once.

Thus, we can show that (III) has a lower bound if we can prove that

ns∑

i=1

k(i)
∗∑

j=1

ϕā

(
T?, ŝ

(i)
j

)
C(si)

′
C(si)ϕ

′

ā

(
T?, ŝ

(i)
j

)(
ŝ

(i)
j − ŝ

(i)
j−1

)
(26)

has a lower bound for all subdivisions {τ̂j} and
{
ŝ

(i)
j

}
, i ∈ {1, ..., ns}, having

a maximum time step size denoted by µi.

Let us now define ψā(τ̄, s) =
(
ϕ−1
ā (τ̄, s)

)′
, which is in fact the resolvent of

system ẋ = A(τ̄)x(τ̄). Since ψā(τ̄, s) = ψ−1
ā (s, τ̄), we can rewrite (26) as follows:

Gacd(T?) =

ns∑

i=1

k(i)
∗∑

j=1

ψ
′

ā

(
ŝ

(i)
j , T?

)
C(si)

′
C(si)ψā

(
ŝ

(i)
j , T?

)(
ŝ

(i)
j − ŝ

(i)
j−1

)
(27)
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We call this latter quantity the asynchronous continuous-discrete Gram ob-
servability matrix associated to a time T ? > 0. It is actually the key object
that allows us to lower bound the Riccati matrix S̄k. In the following we show
that, provided the time steps are small enough, Gacd(T?) is as close as needed
to the continuous time Gram observability matrix. To do so, we need the two
following extra lemmas.

Lemma 12. e.g. [19]
Let Ψa(τ, s) denote the resolvent of the following time-dependent, observable,

system:

ẋ = A(τ)x(τ)

y(τ) = Cx(τ)

where all the elements of the matrices A and C belongs to L∞ ([0, T ] ,R), and
are uniformly bounded w.r.t. the L∞ norm by some positive scalar B > 0. For
a given T > 0, the (continuous) Gram observability matrix is defined as

Gc(T ) =

∫ T

0

ψ
′

a(v, T )C
′
Cψa(v, T )dv (28)

Then, there exist positive scalars 0 < a < b depending on B and T only,
such that

aId ≤ Gc(T ) ≤ bId

Lemma 13.
Let m(t), t ∈ [0, T ], be a (n × n) symmetric matrix, at least differentiable

once.
Let µ be a positive constant, and {τ̄j}j∈N an arbitrary subdivision of [0, T ] such
that τ̄j − τ̄j−1 ≤ µ, for all j ∈ N, with τ̄0 = 0 and τ̄k the maximal element of
the subdivision such that T − τ̄k ≤ µ. We suppose that all the coefficients of m
have their derivative bounded over time.
Then ∫ T

0

m(v)dv −
k∑

j=1

m(τ̄j) (τ̄j − τ̄j−1) ≤ µ (KT + L) Id

where L = sup
τ̄
‖m(τ̄)‖2, with ‖.‖2 the matrix norm induced by the euclidean

norm, K =
n

2
max
k,l,τ̄

(∣∣∣m′k,l(τ̄)
∣∣∣
)

, with m
′

k,l(τ̄) the element of the kth row and lth

column of the matrix m
′
(τ̄).

Proof. The proof of this lemma is mainly based on that of Lemma 3.11 in [7],
with small differences discussed in Remark 4 at the end of the present section.

Let M(t) be a primitive matrix of m(t), that is to say a matrix whose
elements are the primitives of the elements of m(t). We have the identity

∫ T

0

m(v)dv = M(T )−M(0) =

k∑

j=1

[M(τ̄j)−M(τ̄j−1)] +

∫ T

τ̄k

m(v)dv
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We can apply the Taylor-Lagrange expansion on each element Mkl:

Mkl(τ̄i−1) = Mkl(τ̄i) + (τ̄i−1 − τ̄i)mkl(τ̄i) +
(τ̄i−1 − τ̄i)2

2
m
′

kl(ξkl,i)

where ξkl,i ∈ [τ̄i−1, τ̄i]. We have thus, the relation

k∑

i=1

M(τ̄i−1) =

k∑

i=1

M(τ̄i) +

k∑

i=1

m(τ̄i) (τ̄i−1 − τ̄i) +

k∑

i=1

(
(τ̄i−1 − τ̄i)2

2
Ri

)

where (Ri)kl = m
′

kl (ξkl,i). Therefore

∫ T

0

m(v)dv −
k∑

i=1

m(τ̄i) (τ̄i − τ̄i−1) =

k∑

i=1

[M(τ̄i)−M(τ̄i−1)]−
k∑

i=1

(τ̄i − τ̄i−1)m(τ̄i) +

∫ T

τ̄k

m(v)dv

=

∫ T

τ̄k

m(v)dv −
k∑

i=1

(
(τ̄i−1 − τ̄i)2

2
Ri

)
= A + B

We now use the definition of the matrix inequality to upper bound matrix B.
Let x be a non zero element of Rn:

x
′

[
−

k∑

i=1

(
(τ̄i−1 − τ̄i)2

2
Ri

)]
x = −1

2

k∑

i=1

(
(τ̄i−1 − τ̄i)2

x
′
Rix

)

≤ 1

2

k∑

i=1


(τ̄i−1 − τ̄i)2

∑

k,l

|xk| |Ri|kl |xl|




≤ 1

2
µmax
k,l,i

(|Ri|kl)
(

k∑

i=1

τ̄i−1 − τ̄i
)
∑

k,l

|xk| |xl|




≤ 1

2
µmax
k,l,i

(|Ri|kl)
(

k∑

i=1

τ̄i−1 − τ̄i
)

1

2


∑

k,l

|xk|2 + |xl|2



≤ µ
n

2
max
k,l,i

(|Ri|kl)T ‖x‖
2

Let us now upper bound matrix A. Since m(τ̄) is symmetric, for a given τ̄ ∈ R+,
m(τ̄) ≤ ‖m(τ̄)‖2Id where ‖.‖2 is the matrix norm induced by the euclidian

norm, i.e. ‖m(τ̄)‖2 = sup
‖x‖2
‖m(τ̄)x‖2. Thus

∫ T

τ̄k

m(τ̄) ≤ sup
τ̄
‖m(τ̄)‖2 µId.

Those two upper bounds give us the result.

The two preceding lemmas allow us to conclude this section’s proof.

Lemma 14.
Consider the Riccati equation (4), and the assumptions of Theorem 3. Let

T? > T ? be fixed. Then, there exist constants µi > 0, i ∈ {1, ..., ns}, and α2 > 0

such that, for all subdivisions
{
s̄

(i)
k

}
k∈N

, {τ̄k}k∈N with
(
s̄

(i)
k − s̄

(i)
k−1

)
≤ µi,

α2Id ≤ S̄(+)
k as soon as τ̄k > T?
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Proof.
We start from Equation (27), the asynchronous continuous-discrete Gram

observability matrix at time T ? > 0:

Gacd(T?) =

ns∑

i=1

G
(i)
acd(T?) =

ns∑

i=1

k(i)
∗∑

j=1

ψ
′

ā

(
ŝ

(i)
j , T?

)
C(si)

′
C(si)ψā

(
ŝ

(i)
j , T?

)(
ŝ

(i)
j − ŝ

(i)
j−1

)

Let us consider the continuous Gram matrix Gc(T
?), defined in Lemma 13,

which also writes:

Gc(T?) =

ns∑

i=1

ψ
′

a(v, T?)C
(si)
′
C(si)ψa(v, T?) =

ns∑

i=1

G(i)
c (T?)

By lemma 13, for all i ∈ {1, ..., ns}, there are constants L > 0 and Ki > 0:

G(i)
c (T?)−G(i)

acd(T?) ≤ µi(KiT? + L)Id (29)

Let us apply Lemma 12 on Gc(T?):

αId ≤ Gc(T?)

≤
ns∑

i=1

G(i)
c (T?)−

ns∑

i=1

G
(i)
acd(T?) +

ns∑

i=1

G
(i)
acd(T?)

≤
ns∑

i=1

G
(i)
acd(T?) +

ns∑

i=1

µi(KiT? + L)Id

Therefore [
α−

ns∑

i=1

µi(KiT? + L)

]
Id ≤ Gacd(T?)

As a consequence, if all the µi are such that
(
α−∑ny

i=1 µi(KiT? + L)
)
> 0,

then, independently from the shape of the subdivisions
{
ŝ

(i)
k

}
k∈N

and {τ̂k}k∈N,

there exist a positive α2 such that:

α2Id ≤ S̄(+)
k

This bound is also valid during prediction intervals.

Remark 4. Erratum to [7]. The reason why we need Lemma 13 instead of
simply re-using Lemma 3.11 of [7] is because it should be used there as well.
Indeed, the following mistake —which doesn’t invalidate the main result of the
article and is corrected by Lemma 13— is done in [7].

The very end of Proposition 3.12, which corresponds to Lemma 14 in the
present paper relies on the relation:

aId ≤ Gc(T ?) ≤ Gc(T ? + ε) for ε > 0 (30)
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Going back to the definition of the Gram observability matrix (28), we see that
the argument of Gc(.) plays a part both as the integration upper limit, but also
in the definition of the resolvent matrix ψa. As such, the integrands of Gc(T

?)
and Gc(T

? + ε) are not the same functions, which implies that 30 is not always
true.

However, this issue is resolved by following the procedure used in Equa-
tion (29) above.
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[3] C. Barbēlatē, V. De Carolis, M. W. Dunnigan, Y. Petillot, and D. Lane.
An adaptive controller for autonomous underwater vehicles. In Proceeding
og IEEE/RSJ International Conference on Intelligent Robots and Systems
(IROS), pages 1658 – 1663, 2015.

[4] O. Barrero, J. Petersen, and S. B. Jorgensen. Multirate data assimiliation
in a cultivation process. In IFAC proceedings volumes, volume 41, pages
11433–11438, 2008.

[5] P. Bernard, V. Andrieu, and L. Praly. Nonlinear observer in the original
coordinates with diffeomorphism extension and jacobian completion. HAL
Id : hal-01199791, version 2, ARXIV : 1509.04865, 2018.

[6] M. Blain, S. Lemieux, and R. Houde. Implementation of a ROV navigation
system using acoustic/doppler sensors and kalman filtering. In Oceans
2003. Celebrating the Past ... Teaming Toward the Future (IEEE Cat.
No.03CH37492). Institute of Electrical and Electronics Engineers (IEEE),
2003.

[7] N. Boizot and E. Busvelle. On the stability of a differential riccati equa-
tion for continuous-discrete observers. International Journal of Control,
89(2):322–336, 2016.

[8] N. Boizot, E. Busvelle, and J-P. Gauthier. Adaptive-gain extended kalman
filter: Extension to the continuous-discrete case. In Proceedings of the
European control conference, 2009.

[9] N. Boizot, E. Busvelle, and J-P. Gauthier. An adaptive high-gain observer
for nonlinear systems. Automatica, 46(9):1483–1488, 2010.

29



[10] P.-J. Bristeau, E. Dorveaux, D. Vissière, and N. Petit. Hardware and soft-
ware architecture for state estimation on an experimental low-cost small-
scaled helicopter. Control Engineering Practice, 18(7):733–746, 2010.

[11] W. Cao and Y. C. Soh. Nonlinear multi-rate current state estimation:
convergence analysis and application to biological systems. Computers and
Chemical Engineering, 28:1623–1633, 2004.

[12] F. Deza, E. Busvelle, J-P. Gauthier, and D. Rakotopara. High-gain esti-
mation for nonlinear systems. Systems and Control Letters, 18(4):295–299,
1992.

[13] M. F. Ellis, T. W. Taylor, V. Gonzales, and K. F. Jensen. Estimation of
the molecular weight distribution in batch polymerization. AIChE Journal,
34(8):1341–1353, 1988.

[14] M. F. Ellis, T. W. Taylor, and K. F. Jensen. On-line molecular weight dis-
tribution estimation and control in batch polymerization. AIChE Journal,
40(3):445–462, 1994.

[15] M. Farza, I. Bouraoui, T. Menard, R. B. Abdennour, and M. M’Saad.
Adaptive observers for a class of uniformly observable systems with nonlin-
ear parametrization and sampled outputs. Automatica, 50(11):2951–2960,
2014.

[16] M. Farzaa, M. Ouederab, R. B. Abdennourb, and M. M’Saada. High gain
observer with updated gain for a class of mimo nonlinear systems. Inter-
national Journal of Control, 84:270–280, 2011.

[17] A.i Feddaou, N Boizot, E Busvelle, and V Hugel. A kalman filter for
linear continuous-discrete systems with asynchronous measurements. In
Proceedings of the 56th IEEE Conference on Decision and Control (CDC),
pages 2813–2818, 2017.

[18] J-P. Gauthier, H. Hammouri, and S. Othman. A simple observer for nonlin-
ear systems, applications to bioreactors. IEEE Transactions on Automatic
Control, 37(6):875–880, 1992.

[19] J-P. Gauthier and I. Kupka. Deterministic Observation Theory and Appli-
cations. Cambridge University Press, 2001.

[20] R. Goebel, R. G. Sanfelice, and A. R. Teel. Hybrid Dynamical Systems:
Modeling, Stability, and Robustness. Princeton University Press, 2012.

[21] R. D. Gudi, S. L. Shah, and M. R. Gray. Adaptive multirate state and
parameter estimation strategies with applications to a bioreactor. AIChE
Journal, 41(11):2451–2464, 1995.

[22] J. A. Isaza, H. A. Botero, and H. Alvarez. State estimation using non-
uniform and delayed information: A review. Internal Journal of Automa-
tion and Computing, https://doi.org/10.1007/s11633-017-1106-7, 2018.

30



[23] A. H. Jazwinski. Stochastic Processes and Filtering Theory. Academic
press, New-York, 1970.

[24] L. Jiang, L. Yan, Y. Xia, Q. Guo, M. Fu, and K. Lu. Asynchronous
multirate multisensor data fusion over unreliable measurements with cor-
related noise. IEEE Transactions on Aerospace and Electronic Systems,
53(5):2427–2437, 2017.

[25] I. Karafyllis and C. Kravaris. From continuous-time design to sampled-data
design of observers. IEEE Transactions on Automatic Control, 54(9):2169–
2174, 2009.

[26] F. Lafont, E. Busvelle, and J-P. Gauthier. An adaptive high-gain observer
for wastewater treatment systems. Journal of Process Control, 21:893–900,
2011.

[27] W. Li, S. L. Shah, and D. Xiao. Kalman filters in non-uniformly sampled
multirate systems: for fdi and beyond. Automatica, 44(1):199–208, 2008.

[28] C. Ling and C. Kravaris. Multi-rate observer design for process monitor-
ing using asynchronous inter-sample output predictions. AIChE Journal,
63(8):3384–3397, 2017.

[29] C. Ling and C. Kravaris. Multi-rate sampled-data observers based on a
continuous-time design. In Proceedings of the 56th IEEE Conference on
Decision and Control (CDC), pages 3664–3669, 2017.

[30] A. Liu, W. Zhang, and J. Chen. Moving horizon estimation for multi-rate
systems. In Proceedings of the 54th IEEE annual Conference on Decision
and Control (CDC), pages 6850–6855, 2015.

[31] D. Maalouf, A. Chemori, and V. Creuze. L1 adaptive depth and pitch
control of an underwater vehicle with real-time experiments. Ocean Engi-
neering, Elsevier, 98:66–77, 2015.

[32] B. P. Malladi, R. G. Sanfelice, and E. Butcher. Robust hybrid kalman
filter for a class of nonlinear systems. In Proc. 2018 American Control
Conference (ACC), volume To Appear, 2018.

[33] D. Mayhew and P. Kachroo. Multirate sensor fusion for gps using kalman
filtering, fuzzy methods, and map matching. In Proceedings of SPIE: Mobile
Robots XIII and Intelligent Transportation Systems, volume 3525(1), pages
440–449, 1998.

[34] M. Moarref and L. Rodrigues. Observer design for linear multi-rate
sampled-data systems. In Proc. American Control Conference (ACC),
pages 5319–5324, 2014.

[35] M. A. Myers, S. Kang, and R. H. Luecke. State estimation and control
for systems with delayed off-line measurements. Computers and Chemical
Engineering, 20(5):585–588, 1996.

31



[36] J. Picard. Efficiency of the extended kalman filter for nonlinear systems
with small noise. SIAM J. Appl. Math., 51(3):843–885, 1991.

[37] A. Rapaport and A. Maloum. Design of exponential observers for nonlinear
systems by embedding. Int. J. Robust Nonlinear Control, 14:273–288, 2004.

[38] M. Rashedi, J. Liu, and B. Huang. Distributed adaptive high-gain extended
kalman filtering for nonlinear systems. International Journal of Robust and
Nonlinear Control, 27:4873–4902, 2017.

[39] K. D. Sebesta and N. Boizot. A real-time adaptive high-gain EKF, ap-
plied to a quadcopter inertial navigation system. IEEE Transactions on
Industrial Electronics, 61:495–503, 2014.

[40] Y. Shen, D. Zhang, and X. Xia. Continuous observer design for a class
of multi-output nonlinear systems with multi-rate sampled and delayed
output measurements. Automatica, 75:127–132, 2017.

[41] S. Tatiraju, M. Soroush, and B. A. Ogunnaike. Multirate nonlinear state
estimation with application to a polymerization reactor. AIChE Journal,
45(4), 1999.

[42] N. Zambare, M. Soroush, and B. A. Ogunnaike. A method of robust multi-
rate state estimation. Journal of Process Control, 13:337–355, 2003.

[43] H. Zhang, M. V. Basin, and M. Skliar. Itô-volterra optimal state estimation
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